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Abstract:

The searchfor weak-interactiorinducedatomic parity non-conseration, initiated in the
70s, challengeshoth theory and experiment.Sincethe weakinteractionis very short-range,
the atomiceffects increaserapidly with nuclearchage, as Z*. The focus hasthus beenon
heary atoms,whererelatiistic effects are essentialand nuclearsize mustbe takeninto
account.The generalizatiorof atomic mary-body methodsto relatiistic systemsnvolved
both computationabnd formal difficulties, incorporatingmethodsdevelopedin quantum
electrodynamicsTwenty yearsago, the ability wasemeging to treatatomic pair correlation
in arelatvistic framevork. The applicationto mary-electronsystemsopenedfor comparison
with mary atomicproperties suchasisotopeshifts, hyperfinestructureand hyperfine
anomalieswhich reflectnuclearproperties.In addition, the searchfor simultaneouwiolation
of both parity andtime reversalsymmetryinvolvesdifferenttypesof effects,including
nuclear”"Schiff moments”.Comparisorbetweencomputedand experimentalresultsfor highly
chagedhydrogen-likesystemsprovides a testof the theoreticaland numericaltreatmentof
the electron-nucleugnteractionand of the descriptionof nucleardistributions.

Key words: Bohr-Weisskopfeffect, nucleardistribution, magnetizationhyperfineanomaly isotope,
parity, edm,relativistic pair correlation.

1. Introduction

The 1956-1957Parity Revolution [1, 2] shookphysicists’beliefin symmetriesso stronglytaken
for grantedthat mirror symmetryhadhardly beentested[3]. Thefifty yearanniversaryof the Parity
Revolution coincideswith the EBIT twenty year celebration.This paperpresentsa broadview of
the developmentof atomic theory over two decadesin connectionwith the questfor atomic parity
non-conseration (PNC), which challengedthe developmentof methodsto treat pair correlationfor
relativistic systemsTheroadto calculationof PNCeffectsalsopassesalculationof otherproperties
involving theatomicnucleus suchashyperfinestructure jsotopeshift andhyperfineanomalies.

The combinationof atomic theorywith experimentalresultscan give informationaboutnuclear
distributions,which mayberelevantfor thestudyof atomicparity non-conseration,with andwithout
accompaying violation of time reversalsymmetry An EBIT-relatedexampleis the calculationof the
BohrWeisskopteffectin Tl in connectiorwith measurementsy PeteBeiersdorfeandcolleague$4].
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1.1. Asymmetriesin Nature

In our everydaylife, therearemary examplesof differencesbetweenleft andright, not only in
humanconstructionslf you find a seashelht the beachthe probability thatit is right-handeds over
whelming, even on the southernhemisphereHoneysucklesare lefthanded Nearbyright-handedex-
amplesarefoundin the Berkeley campuseucaluptudrees.

Theasymmetrie®ccuralsoonasmallerscale. Thedoublehelix of theDNA, e.qg.,is alwaysright-
handedEarly investigation®f the natureof asymmetrianoleculesvereperformedoy Pasteuf5]. He
foundthata solutionof sugamwasoptically active, in contrasto substanceke could synthesizen the
laboratory Usingtweezersindermicroscopehethensortedcrystalsof tartaricacid,anddissohedthe
two typesseparately andfoundthatoneof the solutionsgave anopticalrotationto theright, whereas
the othersolutiongave an equal,but opposite rotation. Pasteurwasfascinatedy the asymmetryand
thoughtthatit mightincludethekey to understandingjfe. In aneffort to createanunbalancednixture
of right- and lefthandedmolecules he tried to apply a strongmagneticfield; we all rememberthe
right-handrulesfor electromagnetisnstill, PasteuwasunsuccessfuElectromagnetisis symmetric
undermirror inversions.Every physicaleffect requirestwo applicationsof a right-handrule. Thus,
replacingtheright-handrule by theleft-handrule of the mirror doesnot changethe physicaloutcome
of electromagnetiinteractions.

1.2. Mirr ors, Inversionsand Rotations

A left-handedspiral becomegight-handedon the otherside of a mirror, but no amountof rota-
tion canchangdts handednes#\ 180-degreerotationis equivalentto aninversionof two coordinate
axes.A secondinversionwould returnthe original handednessA Parity inversionchangesll three
coordinateaxes,andis thusequivalentto amirror inversionfollowedby a 180 degreerotation.

Until 50 yearsagomostphysiciststook for grantedthatthe fundamentalnteractionswvere mirror
symmetric,andthusunchangedy a parity inversion.WhenLee and Yangproposedhat parity might
be violatedin beta-decay1], RichardFeynmanbet NormanRamsg 50 dollarsto 1 that physicsin
themirror world would beunchangedHe lost. The now classicakexperimentby Wu et al shavedthat
the betadecayof °°Co violatedparity [2]. Ramsg resumedhe searchjnitiated alreadyin 1950 [3],
for a neutronelectric dipole moment,which would violate parity. This seemgo have beenthe first
questioningof the parity conseration.

1.3. Atomic Parity Non-Conservation

Weakinteractiondbecomerelevantfor atomicphysicsthroughthe neutralcurrentcomponentThe
neutralvector boson,Z, was discoveredin CERN in 1983, at aboutthe sametime as the chaged
bosonW. Thevectorbosonanediatethe weakinteraction,andareexchangedasvirtual particles.The
weakinteractionis very shortrangesincethe mediatingbosonsare heary (the massof the Z boson
is comparabldo a Sr atom)and cannotgo far beforeannihilation.lt influencesthe electron-nucleon
interaction,giving it a parity non-conservingoart, which leadsto a weak chiral componentin the
electronwavefunction. This makesatomsoptically active. The nuclearspin-independernpart of the
resultingparity non-conservingnteractioncanbewritten as:

hch — GWQW

Wﬁ(r)’ﬁ

Here,Gyy is theweakinteractionconstanandQw ~ —N + Z(1 — 4sin’6y ) is the “weak nuclear
chage”, which depend®on the strengthof the weakinteractionparametersThe short-rangecharacter
of theinteractionis indicatedby p(r), whichis anormalizedhucleardistribution,essentiallyfollowing
the neutrondistribution. The parity admixtureis causedby the operatorys, which interchangeshe
upperandlower componenbdf arelatwistic electronwavefunction.
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For along time, it was believed that the effect of the weak interactionwastoo small to be ob-
sened. The questfor atomicparity non-conserationwasinitiated by BouchiatandBouchiat[6] who
pointedthattheeffectis stronglyenhancedor heary atoms displayinga 73 behaiour. By usingsemi-
empiricalmethodghey coulddemonstratéhatit mightbe obsenablefor heary atomsThey suggested
afew candidateatoms,suchasCs,Tl, PbandBi. During theyearsto come,experimentavereunder
takenatanumberof laboratoriesincludingParis, Oxford, Seattle Novosibirsk,Berkeley andBoulder
After initial yearsof confusingandcontradictingresults the effectis now well establishedThe most
preciseresultshave beenobtainedfor Cs (Z=55), wherethe experimentalaccurag is at the 0.4%
level [7, 8]. Theseresultschallengetheoreticalcalculationd9, 10]. At this level of accuray, a careful
treatmentof the Breit interaction[11, 12] and QED effects[13] is hecessaryor agreemenbetween
theoreticalandexperimentaldata[11, 12].

As amethodto circumwenttheneedfor accurateatomiccalculationsit hasbeensuggestefil4] that
measurementsf parity non-conserationbe performedover chainsof isotopesunderthe assumption
thatthe atomicfactorwould be the samefor all isotopesThe dependencen the weakchage could
thenbefactoredout. A complication which limits the attainableaccuray, aspointedout by Fortsonet
al [15, 16, is thatthe neutrondistributionis, in generalpotknown, in contrasto protondistributions
which have long beenstudied e.g.throughisotopeshiftsin atomictransitionsJamesandSandar$17]
performeda parametri@analysisof the sensitvity, bothto changeén thechageradii andto differences
betweemeutronandprotonradii.

Theweakinteractionbetweemucleonsmayalsogive riseto a parity non-conservingiuclearana-
polemomen{18, 19]. This combineswith the spin-dependeriartof the electron-nucleomparity non-
conservingnteraction.This resultsin a hyperfinedependencehich hasbeenmeasuredor Cs[20],
andexperimentsareunderwayfor othersystemsincluding Fr [21].

1.4. Electric Dipole Moments and Time Reversal Violation

“The agumentagainstelectricdipolesraisesdirectly from the questionof parity. A nucleuswith an
electricdipole momentwould shav anasymmetrybetweeneft- andright-handedtoordinatesystems.
In one systemthe dipole momentwould be parallelto the angularmomentumandin the otheranti-
parallel’, Ramsg andPurcellwrite in a1950papen3] andcontinueby notingthat“the questionof a
possibleexistenceof anelectricdipole momentof a nucleusor of anelementanpatrticle[...] becomes
apurelyexperimentalmatter”.

Althoughthe existenceof parity violating interactionds well establishedthe experimentalsearch
for a possibleneutronelectricdipole moment(EDM) continuego provide only moreandmorestrin-
gentupperlimits. An EDM violatesnotonly parity, but alsosymmetryundertime reversal[22], (most
easily visualizedby reversingall motions).CP violation, which implies T violation if CPT is con-
sened, wasdiscoveredin the decayof neutralK mesondn 1964[23]. The everfalling limits of the
EDM of neutronandotherparticleshave causedhefall of mary theorieso explain CPviolation[24].

In 1987,whenl first met NormanRamsg (Figure1), | askedhim if he thoughtthat a neutron
EDM would befound.He repliedthatsincewe know thatCPis violated,it shouldexist "unlessnature
is particularly malevolent againstNormanRamsg”. He continuedto point out thatit waslessclear
whetherit would be found during his lifetime. Twenty yearslater, particleEDMs remainelusive, but
otherexamplesof CPviolation have beenobsened,in thedecayof neutralB mesong25, 26].

1.5. Electric Dipole Moments of Particles, Nuclei and Atoms

An atomicEDM experimentallycanarisein a numberof differentways, both throughpossible
P andT violating interactionsandthroughEDMs of fundamentaparticles[27]. A limit for P andT
violating interactionshetweenrelectronsand nucleonscanbe establishedrom experimentallimits of
atomicEDMs combinedwith theoreticalcalculationghe ratio betweerthe inducedatomicEDM and
therelevantinteractionparameter§28].
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Fig. 1. NormanRamse togethemwith the authordiscussindr'| isotopeshifts. (Photo:Ingvar Lindgren)

In the limit of non-relativistic point particles,no atomic electric dipole momentcan be induced
by an EDM of a chaged particle.However, throughrelativistic effectsan electronEDM caninduce
an atomic EDM, as much as 100-1000times larger in easily polarizablesystemssuchas Cs and
TI [29, 30]. Thefinite extensionof the nucleusmakesit possiblee.g.for aprotonEDM, d,,, to cause
an atomicEDM if the nuclearchage anddipole distributionsdiffer. The obsenable effect depends
on "Schiff moments” proportionalto ({r3) — (r?)) [31]. Schiff momentshave to be obtainedfrom
nucleartheoryand canalsoincludeadditionalcontributionsfrom P andT violating nucleon-nucleon
interactionsln section2.3, we shav how obsenred hyperfineanomaliesn Tl give a measurdor the
changen thedifferencebetweerthe nuclearchage andmagneticnomentradii.

1.5.1. Polar Molecules

Experimentshave alsobeenperformedfor polar moleculesfollowing the obsenationby Sandars
that “a polar moleculecan be almostcompletelypolarizedin attainablelaboratoryelectric fields”
makingit possibleto obtainlarge effective electricfieldsatthe nucleuswhich “will nolongeraverage
to zero,but will beparallelto theexternalfield” [32]. Stringentexperimentalimits have beenobtained
for TIF [33, 34, 35, 36,37],andYbF [38, 39]. Quantunthemisthaverisento thechallengeof applying
relatively completecomputationaimethodsinlcuding a relativistic treatmentalso for suchcomple
systemsasTIF [40, 41], YbF [42] andPbO[43].

2. Nuclear Effects in Atomic Spectra

Thenucleusaffectsatomicspectran mary ways.A well-known exampleis the hyperfineinterac-
tion betweerelectronsandthe nucleamrmagnetiemomentwhich resultsin a small splitting of spectral
lines. The 21 cm hyperfinetransitionin the groundstateof hydrogenprovidesthe universallength
scalefor the plaquesentout with Pioneer The hyperfinestructureof the groundstateof '33Csdefines
the secondn the S| systemof units. Accuratemeasurementsf atomichyperfinestructurehave been
availablesincethe 1950s throughthe developmenif radio-frequeng techniqueg44].

Both the hyperfineinteractionandthe parity non-conservingnteractionsaresensitie to the elec-
tronic wave functionscloseto thenucleuswhich dependn thenuclearchagedistribution,which are,

(©2007NRC Canada



Martensson-Pendrill 5

in generalrelatively well known. However, the searchfor parity non-conservingffectsraisesa need
for increasedinderstandin@f nuclearstructurejncludingnucleardistributionsotherthanthosetradi-
tionally studied Theelectraveakelectron-nucleumteractioninvolvestheneutrondistribution,andthe
searchor possibleP andT violating effectsin thenucleusinvolvesso-called’Schiff moments” These
distributionsandmomentsmustoftenbe obtainedfrom nucleartheory andary additionalexperimen-
tal information may provide useful calibrationfor thesecalculations.One exampleis the hyperfine
anomaly resultingfrom isotopicdifferencesn both chage andmagnetizatiordistribution, discussed
morein Section2.1and2.3.

2.1. Nuclear Charge Distrib utions

The early theoristswithout accesto computershadstrongreasongo useanalyticaldescriptions
of chage distributions and potentials,that enabledseriesexpansionsof analyticalsolutionsof the
wavefunctionswithin andcloseto the nucleus A commonchoicewasthe homogeneoushage dis-
tribution insidea radiusR = R, A'/3, whereA is the massnumberof nucleus.The mostimportant
parametefor mary propertiess theexpectatiorvalue(r?), which hasthevalue3 R? /5 for ahomoge-
neousnucleus Already this simpledistribution givesthe correctanalyticalbehaiour of the electronic
wavefunctionsat » = 0 and provides useful expansionsfor a generalunderstandingf the effects
involved.

Experimentalinformation about chage distributions are derived from mary sources,ncluding
electronscatteringTheexperimentaldataindicatethat Ry ~ 1.2 fm givesareasonablapproximation
for the homogeneoudistribution. Clearly, thetail of arealnucleusis lesssharpthanindicatedby the
homogeneoudistribution. Thetail is oftendescribedn termsof a “skin thickness” t, definedasthe
distancen which the chage densityfalls from 90% of its centralvalueto 10%.Experimentdndicate
thatt is about2.3fm for mostnuclei.

Theresultsfrom electronscatteringxperimentsandareoftenexpressedn termsof parameterfor
aFermi-distritution[45], which givesa realisticdescriptionof thenucleardistribution [46, 47], andat
the sametime providesconsiderabldlexibility in theanalysis:

p(r) = H—e/z%)/a : 1)
where ¢ is the half-densityradiusanda is relatedto the skin thicknessast = (4 In 3)a. For vanishing
skin thicknessthe Fermiform reduceso the homogeneoudistribution with aradiusk = c.

Another sourceof information are muonic X-ray enegies. Theseprobesomavhat differentmo-
mentsof the nucleardistribution, the so-called'Barrettmoments” (r* ¢ ~>"). Neverthelesstheresults
arequotedalsoin termsof (r?) [48].

Opticalisotopeshifts provide animportantsourceof complementarynformation,in particularfor
chainsof radioactve isotopes.lt is found thatthe changedn chage radiusalong an isotopechain
are,in general,smallerthanindicatedby the textbook formula above. The isotopeshifts alsoreveal
an “odd-even staggering”of the (r?) values,providing evidenceof nuclearshell structure[49, 50].
Spectacularecentapplicationsncludethe precisiondeterminatiorof the “deuteronstructureradius”
from the hydrogen-deuteriurisotopeshift of the 1s—2s two-photonresonanc¢51] andthe study of
Li isotopeshifts[52], furtherdiscussedy GordonDrakeat this meeting.

2.2. Nuclear Charge Distrib ution and Electronic Wavefunctions

Outsidethe nucleus,the potentialis identicalto that from a point nucleus:—Ze? /4meqr. Close
to the origin, the potentialis essentiallyconstant.This determineghe behaiour of the orbitalsfor
very smallr, which is obtainedby a seriesexpansionof the coupledradial equationgrom the Dirac
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equation:
el 4= 2|6 = E-venEe),
he [di + ?] Fr) = [e+2m—V(r)]G(), @

wherex = F(j + 1/2) for j = 1 + 1/2, ¢ isthebindingenegy and F (r) andG/(r) aretheradialparts
of the“large” and“small” componentstespectiely, of arelativistic wavefunction.(Thesignrelation
in Eq.(2) between/' andG is valid for the“/s-corvention” for the couplingof spinandorbitalangular
momentum.)

Insideanextendednucleugtheleadingtermin theuppercomponents . For j = [ + 1/2 orbitals,
thelowercomponentarriesanextrafactorr, whereagor thej = [—1/2 orbitals,thelowercomponent
hasa smalltermr!~! which dominategor very smallr.

We notethatatomicorbitalswith j = 1/2 (i.e. sandp, /, orbitals)have anappreciablgrobability
within the nucleuswheretheir densityis essentiallyconstantThe effect of the nucleardistribution on
atomicpropertiethenbecomesproportionatto the expectatiorvalue,(r?) = [ r?p(r)dV/ [ p(r)dV,
of thenucleardistribution.

The dependencen (r?) is well-known from studiesof optical isotopeshifts, which are changes
in transitionfrequeny betweerdifferentisotopesf anelementThe“field” or “volume”isotopeshift
is the partdueto the differentchage distributionsandis to a first approximationexpressedsdrv =
Fd(r?), whereF = (2m/3)(Ze?/4meq) A|¥(0)]?.

For heary nuclei, alsothe next termsin the expansionof the wavefunctionsbecomesignificant.
Theelectrondensitythenvarieswithin thenucleusandhighermomentsg(r*), §(r°), ... of thenuclear
distribution contribute. Thesecanbe accountedor through“Seltzer” correctionfactors,x [53], which
have beentakulated[54]. Thecorrectionfactorfor Bi, e.g.,is about0.92. The correctionfactorsareof
coursenotneededf thedistributionis useddirectly in the calculation.

Theenepy of asysternis only weaklyinfluencedoy detailsin thenuclearchagedistribution.Even
for Z = 100, usingan extendednuclearchage givesonly an 0.1%  reductionof the binding enegy.
Differencedetweerdifferentdistributionsarelessthanapercenbf the correctionitself. However, for
atomicpropertiessensitive to the wavefunctioncloseto the nucleus the effect is muchlarger. Using
a point chage, with the resultingunphysicalbehaiour of the wavefunctionat » = 0, thenleadsto
overestimatedy several percentfor high 7.

An importantobsenationfor thestudyof nuclearpropertieds thatthe orbital behaiour within the
nucleusdependn the angularmomentumbput is essentiallyindependenof the binding enegy. For
very heary nuclei, the binding enegiesare a larger fraction of the nuclearpotentialenegy, giving a
smalln-dependenci theorbital behaiour closeto thenucleusasdemonstrated.g.by Shabae [55]
for hyperfinestructurecorrectiondor differentvaluesof 7.

For amary-electronsystemall electronsareaffected,but mainly throughtheirinteractionwith the
modifiedj = 1/2 orbitals.lt is thenthe sensitvity of theinteractionof the j = 1/2 orbitalsthatneeds
to bestudiedin detail.

The effect of the nucleardistribution canbe parameterizeéh termsof the moment(r2), (r*) and
(r®) of thenuclearchage. To facilitate comparisondetweerdifferentcalculationswe thereforesug-
gestthatwhateser nucleardistributionis usedthesemomentshouldbegiven(or sufiicientinformation
providedto maketheir extractioneasy).

(©2007NRC Canada



Martensson-Pendrill 7

2.3. Hyperfine Anomalies and the Importance of Charge and Magnetization Distrib utions

The magnetichyperfinestructure(hfs) arisesfrom a coupling betweerthe magneticmomentsof
thenucleusandthe electron givenby

p-a 3)

h =t

r

for a pointmagneticdipole.

The magnetichyperfineinteraction(Eg. 3) leadsto anenepy splittingwhich is oftenexpresseds
AT - J, wherel andJ, arethe angularmomentaof the nucleusandthe electron respectrely. The hfs
wasan early sourceof informationaboutnuclearspin and magneticmoments.In general,magnetic
momentsareknown betterthroughothersourcessuchasNMR. Hyperfinestructurecanthusbe used
in orderto testatomicwavefunctiong56].

Theratio betweerthe magnetiomomentandthe“ A-factor” is, however, foundto vary slightly be-
tweenvariousisotopesf anelementThis differences expressedn termsof an“hyperfineanomaly”:

Part of thehyperfineanomalyarisedrom differencesn thechagedistribution (the so-calledBreit-
Rosenthakffect [57, 58, 59]). Another contribution to the hyperfineanomaly the “Bohr-Weisskopf
effect” [60] arisesfrom the distribution of nuclearmagnetiomomentwhich leadsto a modificationof
thehyperfineinteraction(3) within thenucleusin thisway, thehyperfineanomalycangiveinformation
aboutdifferencesn the magnetiomomentdistribution.

2.4. Isotope Shifts

The change,§(r2)44’, in chage radius betweentwo isotopescontritutesto the differencesin
transitionenegies betweenthe isotopesA and A’. The transitionenegies are also sensitve to the
massdifferencesetweendifferentisotopes,dueto the kinetic enegy of the nucleus.The resulting
isotopeshiftscanbewrittenin theform [61]

1 1
My M),

5VAAI — (I{NN[S 4 [(SN[S) < ) 4 FK?6<7’2>AAI (4)

To provide ascalerelatingthe obsenedisotopeshiftsto thedesireoﬁ<r§>AA' valuesjt isnecessary
to calculateor estimatethe specificmassshift constant,k ™S aswell asthe factor F'« for thefield
shift, discussedn Sec.3.2. Fromacomputationapoint of view, it is often convenientto dealdirectly
with shift of individual levels [62], which can be definedas the shift of the binding enegy. Using
mary-body perturbatiortheory startingwith aclosed-sheltoreasareferencethis quantityis obtained
directly [63], without the needto "determinethe weightof a captainby weighingthe shipbeforeand
afterheentersthe ship”.

For heary systemsthe massshift is very small. In the caseof the 7s - 7p;,, transitionin Fr,
KNMS — m v = 228.99 GHz u, thenormalmassshift is of the orderhalf apercenpf thetotal isotope
shift (about5 MHz for AA = 1). The specificmassshift arisesfrom a correlationof the electronic
momentathroughthe motion of the nucleus A Dirac-Fock evaluationincludingthe expectationvalue
of p1 - p2 betweerthe valenceelectronandthe core,but alsothe effect of the perturbatiorof thecore
orbitals,givesaratio SMS/NMS~ —2.4 for the 7s — Tps» transition.This resultwill be modifiedby
correlationeffects, expectedto reducethe SMS, asindeedfound in the recentcalculationsby Dzuba
etal [64], who obtainSMS/NMS~s —1.4. For arelativistic system the expressiongor the massshift
shouldbe modified,but this hassofar beenneglectedin view of the smallsizeof the effect.
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2.5. The Field Isotope Shift

Thefield” or"volume”isotopeshift arisesdueto thedifferentnucleampotentialsesultingfrom the
differentchagedistributions.Thefield shift is sensitve to thechangen electrondensityatthe nucleus
betweenthe two statesinvolvedin the transition.A first approximationof the field shift constantis
F = (2m/3)(Ze*/4meq) A|¥(0)|%. For aheary nucleustheelectrondensityvarieswithin thenucleus,
andalsohighermomentsg(r?), §(rS), ... contribute. The "Seltzer” correctionfactor[53], , in Eq. 4
hasa valueof about0.93for Fr [54]. The approactusedin our calculationds to replacethe contact
interactionby analternative operatorthatincludestheradialdependencef the correction[65].

In theabsenc®f theoreticalvalues thefield shift constanfor ans electronis oftenestimatedrom
the s-electrorhyperfinestructure Usingtherelationsbetweerthe non-relatvistic operatorgives

Fn.s = _DZAns/gI (5)
where
D = (1fm/aq)*/ [a®(me /2Mp) (ne/piB)] | (6)

whichhasthenumericalvalue6.16381 x 10~2 if theA factoris givenin MHz, g7 in nuclearmagnetons
andF in MHz/fm?. Thefactor (. /1) accountgor theanomalousnagnetionomentof the electron.
Correctionsto the ratio can arise from several sourcesMost importantis the modificationdue
to the significantlylargerrelatiistic correctionfactor for the field shift. For a mary-electronsystem,
the differentangularstructuref the operatordeadto differencesn the correctionsfrom the mary-
electroninteractionsasanalysede.g.in connectiorwith calculationdor K [66] andFr [67].

3. Atomic Theory

3.1. Hyperfine Structure in Alkali-Like Systems

Hyperfinestructuref alkali-like systemsareanold applicationof Many-Body-Perturbatiorhe-
ory (MBPT) with mary accurateexperimentalresultsavailablefor comparisorj44], giving anindica-
tion of theaccurag to be expected.

The startingpoint for our calculationss usuallya Dirac-Fock descriptionof the closed-sheltore.
The Dirac-Fock potentialfrom the coreorbitalsis thenusedto generatehe valenceorbital, aswell as
excited orbitals. Evaluatingthe effect of the hyperfineinteractionon the valenceorbital, itself, often
givesa qualitatively correctdescription.A Dirac-Fock valenceorbital, e.g., givesabout60-70% of
the groundstatehyperfinestructurein the alkali atoms.For the iso-electronicsingly ionizedalkaline
earthelementsthe agreemenis, of course petter about70-80%for the groundstate. Thesituationis,
however, quite differentfor caseavherethe hyperfinestructures invertedor stronglyperturbed.

A first correctionis often obtainedby notingthatthe additionalperturbatioraffectseachelectron,
leadingto amodificationof thethe potentialfelt by the otherelectronsKeepingtermsto lowestorder
in the external perturbationin the constructionof the Dirac-Fock potentialleadsto a setof coupled
equationsvhich canbe solved by iteration[68, 69, 7(] in proceduregloselyrelatedto the “random-
phaseapproximation”(RPA). For thegroundstatedn thealkalis,theseRPA-type calculationd69, 71]
reproducebout75-85%o0f theexperimentalalues jmprovedto about90%for thealkalineearthions.
In somecaseslike the4d;,, statesn Rb[72, 73] andSrt, theRPA termsleadto aninversionof the
hyperfinestructure.In thesecasescorrelationeffectsareclearly crucial, andhave beendealtwith to
higherorders.

Methodsto treat single-particleeffects to all orders,were appliedto the study of parity non-
conservingeffect from early days[74, 75|, whereas relativistic treatmenbof correlationtook longer
to develop.
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Fig. 2. JoeSuchertogethemwith EvaLindroth, June2006)

3.2. Atomic Theory Twenty Years Ago

At thetime of thefirst EBIT spectrumwhosetwenty-yearanniversarythis conferenceelebrates,
the ability to performaccuratecalculationof atomicpair correlationwasemeging. During the years
to come,challengedoth on the formal, numericaland computationalevel have beenmet, enabling
theoriststo dealwith mary differentpropertiesfor heary atoms,producingaccuratenumbersyalu-
ablebothin their own right andasteststo demonstratéhe expectedaccurag of calulcationswhere
experimentaldataarenot availablefor comparison.

Varioustypesof non-relatvistic methodshadbeendevelopedto dealwith correlationin different
systemsincludingvariationalmethodssuchasClI (configurationinteraction)JandMCHF (MultiCon-
figurationalHartree-ck) [76] and perturbationamethodssuchasMBPT (mary-body perturbation
theory)andCoupled-ClustefCC) methodg77]. In generalyariationaimethodsvereemployedmostly
for overallspectraandoscillatorstrengthswhereagperturbatiorapproachewereoftenappliedto prop-
ertiesresultingfrom interactionscloseto the nucleus suchashyperfinestructureandisotopeshifts,
which do notnecessarilyive large effectson thetotal enegy.

Twentyyearsago,mary physicistsworking on atomiccalculationgnetata symposiumn Trieste.
Helium-like systemswere a naturalfirst stepto inclusion of correlationeffectsfor a mary-electron
system For thesesystemsthevery accuratedheoreticaresultsby Drake[78] provide abenchmark.

During the Triestemeetinga few groupspresentedesultsof their efforts to treatrelativistic pair
correlation bothon aformalandcomputationalevel. Although Dirac-Fock (DF) andMulticonfigura-
tion Dirac-Fock (MDCF) [79, 8Q] in generalgave goodresultsfor mary propertiesdoubtshadbeen
caston the fundamentfor thesecalculations[81]. The Dirac equation,usedto obtain a relatiistic
wavefunctionfor theelectron hassolutionsbothfor positiveandnegative enegies,wherethe negative
enepgy solutionsare seenas describingpositrons.Mathematically a completeset of solutionsto the
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Dirac equationincludesboth types.For a two-electronsystem thereis aninfinite numberof combi-
nationsof one positive andone negative enegy electronfor ary givensumof one-electrorenegies.
If perturbatiortheoryis appliedwithout caution,the denominatomill be zerofor aninfinite number
of combinationsresultingin a "continuumdissolution”.In a variationaltheory the presencef these
statesmay leadto a "variationalcollapse”.In practice,the problemmay be of limited importance,
whereboundaryconditionsrestrictallowedsolutions.

Sucher(Figure?2) adwocateghe applicationof projectionoperatorg81]. However, eventhen,cau-
tion is required.The distinctionbetweerpositive andnegative enegy one-electrorfunctionsdepends
on the potentialusedin the equationto definethe orbital basis.It is a matterof preferencef a per
turbationis seenas modifying the basissetor asleadingto admixturesof virtual electron-positron
state482, 83]. HardekopfandSuchef84] foundthataprojectionof the nucleampotentialontopositive
free-electrorstatescausedh lowering of the 1selectrongroundstateof hydrogen-likedons. Thisillus-
tratesthat the projectiononto free-electrorpositive enegy statesin fact led to inclusion of negative
enegy stateof the hydrogen-likesystem[85].

Implementatiorof projectionoperatorglirectly in the equationg86] leadsto additionalcomplica-
tions.Mostcalculationsuseinsteadanexplicit summatiorover orbitalsobtainedwith boundarycondi-
tionsallowing only electronicstate487, 88,89]. As in thecaseof non-relativistic calculationsthesum-
mationover angulatTmomentamustbe truncatedHowever, therelativistic correctionsexhibit aslower
angularcorvergence/~2, comparedo [ ~* for thedominatingnon-relatvistic term.For increasegre-
cision, the angularextrapolationmay be performedseparatelyor the relativistic correction[87]. The
slow corvergenceis causedy thecuspfor 1 = r2, madeevensharpeby theapplicationof projection
operatorswhetherexplicit or not.

Recentdevelopmenthave aimedfor a meging betweermary-body perturbatiortheoryand QED
[90, 91].

With theability to treatpair correlationin arelativistic frameavork, thedifficultiesin thegeneraliza-
tion to mary-electronsystemsarevery similar to the non-relatvistic case althoughthe computational
demandgrow larger dueto the needto treattwo componentgor every orbital, andtwo j-valuesfor
every angularmomentum(excepts). A few examplesof calculationsfor mary-electronsystemsare
presentedn the next section.

4. Numerical Results

In this section,afew examplesof numericalresultsarepresenteasillustrations.Thefirst example
is a calculationof the hyperfinestructureof the 42D stateof rubidium-like strontium. This stateis
of interestasa possibleclock transition,andthe calculationswere performedto assistthe searchfor
the transition. The secondexampleis a comparisorof mary-body effects on hyperfinestructureand
isotopeshifts of the groundstateof Fr. The numericalresultsenablemore accurateextractionsof
isotopedifferencesn nuclearchage radii. Finally, experimentalandtheoreticalresultsfor hyperfine
anomaliesn neutralTl arecombinedwith resultsfor hydrogenlikeTl, andgivesacomparisorbetween
changesn nucleamagnetizatiorandradii.

4.1. The Hyperfine Splitting of the 42D state of Srt

Single, trappedions have cometo play an importantrole as possiblefrequeng standardswith
several differentcandidatéons. Onesuchion is Srt, which is studiedby the NPL [92, 93. A possi-
ble improvementmight involve the odd isotope®?Sr, which hasthe nuclearspin 9/2. The feasibility
depend®nthesizeof the hyperfinestructureof the 4d;,, state anda coupled-clustecalculationwas
performedo provide guidancen thesearch.

For the hyperfinestructureof this state severallarge contributionscancelpartially andcorrelation
effectswere found to be extremely important- a few timeslarger thanthe final result[94]. Similar
nonrelatvistic calculationsvereperformedfor Rb[95].

(©2007NRC Canada



Martensson-Pendrill 11

Thesensitvity to perturbation®f the higherangulairmomenturnrstatesin generaljs relatedto the
centrifugalterm (givenby hzl(l + 1)/2mr? in the non-relatvistic formalism). Griffin etal [96] have
studiedeffective quantumnumbers*, for d and f electronsasa function of atomicnumber They
found n* to changesmoothlywith increasingatomicnumbey until it dropsabruptlygoing from the
inert gasto the alkali atom,andtheneven further reachingthe alkaline earth.This “orbital collapse”
resultswhenthe nuclearchage is sufficiently strongto pull partof the orbital inside the centrifugal
barrier[97, 96]. The “effective potential” for the 4d electronin Rb or Sr* is the result of a subtle
balancebetweerthe nuclearattraction the repulsionfrom the coreelectronsandthe centrifugalterm.
Correctiongdueto correlationeffectscanthenhave large effects,andoften leadsto a significantcon-
tractionof thevalenceorbital [72]. For the4d statesn Rb, this “Bruecknerorbital” (BO) modification
doubledthe (r=3) valuefor the valenceelectron,whereaghe increasedor the 4d statesin Sris only
about25%. Following the calculationof the hyperfinesplitting in the 4ds» stateof Sr*, it hasnow
beenfoundandmeasured98, 99] - within the theoreticaluncertainty Theaccurateheoreticakresults
canalso be usedto extract nuclearquadrupolemoments A numberof additional calculationshave
beenperformedmorerecently[100, 101, 102.

4.2. Many-Body Effects and Nuclear Charge Distrib utions in Francium

Isotopeshifts have beenstudiedfor long chainsof isotopesmaking possiblesystematicstudies
of isotopicdifferencesn nuclearchage distributions.Early analyse®f the experimentalresultswere
basedon Hartree-Bck calculationsby Bauche[103, 104. Mary-body perturbationtheorywasfirst
appliedto the studyof isotopeshift of Li, K [63], Ne [105], Na[65], He [106] andCa[107, 10§

After thedevelopmenbdf relativistic methodsalsoheaier atomscouldbestudied suchasYb [109],
Tl [110], andFr [111]. More recentlyDzubaet al [64] performedan analysisof the isotopeshiftsfor
alkali-like systems.

We describeherebriefly theresultsfor the 7sand7p statesn Fr, asanillustrationof similaritiesand
differencedetweenthe higherordercorrectionsfor hyperfinestructureandisotopeshifts. Francium
hasbeensuggestedsa candidatesystemto study isotope-dependertarity non-conseration[112]
Isotopeshiftsin therange?°"Fr to 228Fr weremeasuredn themid-eightiesatISOLDE [113, 114 and
recentaccuratényperfineanomalymeasurementsiay give a handleon neutrondistributions[112].

Therelativistic coupledclustercalculations[111, 115]includedpair excitationsfrom coreorbitals
down to 5sandexcitationsupto ! = 5. Usingthesewavefunctionsto evaluatepropertiegjivesseveral
correctiongo theDirac-Fock single-particlenatrixelementSomeof themary-body correctiondiffer
betweervariousoperatorsdueto their differentangularstructure]66, 111].

Theratio betweerthefield shift constantndthehyperfinestructureof ans statecanbe changedf
correctiongo thewavefunctionsaffect thetwo propertiedifferently. The DF ratio remainsunchanged
when Bruecknertype correctionsare added,sincetheseare in effect a modificationof the orbital.
For both propertiesthe Bruecknerorbital correctionsbring anincreaseof 42%for the 7s statein Fr..
However, the screeningeffects ("RPA” type corrections)differ: The hyperfinestructureis sensitve
only to thespin densityat the nucleuswhereaghefield shift is representetly a scalaroperatorand
is sensitve to thetotal electrondensity An all-ordertreatmenf the screeningvasfoundto add9%
and3%, respectiely to the Bruecknerorbital valuefor the hyperfinestructureandfield shift constants
of the 7s state.The differentangularstructureof the operatorsaalso modifiesthe detailedcorrelation
effects,although,in generaltheseareoftensmallerthantheBO correctionsjn the caseof Fr bringing
areductionof about3%for bothoperators.

Theimperfectanalogybetweerthe FS andhfs for s-statesllustratesthatdifferentoperatorswith
differentangularstructuresprobedifferentaspect®f theinteractionbetweervalenceandcoreorbitals.
Thisis, of coursefruealsoof nucleardensitiesandit canthusnotbetakenfor grantedhatthenuclear
chagedistribution givesanadequatelescriptionfor otherproperties.

The calculatedhyperfinestructure A(7s)/gr = 10002 MHz/p, giving A(?!1Fr) = 8882 MHz,
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slightly larger thanthe experimentalvalue8713.9(8)MHz althoughstill within the error barsarising
from the uncertaintyin the nuclearmagneticmoment,.(?''Fr) = 4.00(9)un. Fromthe comparison
of the A-factors,we expectthat the final field shift constant,F(7s — Tps/s) = —21.0 GHz/fm’
(including the correctionx to allow for higher moments),shouldhave an uncertaintyof about2%,
which dominateghe uncertaintyof the changesg(r?), in chage radii obtainedfrom optical isotope
shifts[113, 114].

More recentlyDzubaet al [64] performedan analysisof the IS for alkali-like systemsjncluding
Fr. They includeda partial summationof three-particlecorrelationeffects,and obtaineda field shift
constanof F(7s — Tps/s) = —21.8 GHz/fm”, with anestimatedincertaintyof 1%.

Thesecalculatedfield shift constantdeadto revised values,of §(r?) in Fr, slightly larger than
earlier tatulations. The resultsillustrate how atomic calculationsin combinationwith accurateex-
perimentscan provide information aboutother properties,including nuclearstructure.In the study
of highly chagedhydrogen-likesystemsmoredetailedknowledgeof the nuclearchage distribution
makegpossiblemorestringentcomparisondetweertheoryandexperiment for enegiesandhyperfine
structure gdiscussedhn the next section.

4.3. Hyperfine Anomalies and the Bohr Weisslopf Effect, for 2°3TI and 2°5TI

The studyof highly ionized systemsshifts the focusto QED effects. For hydrogen-lile systems,
no atomiccorrelationis presentHowever, in orderto provide anaccuratecomparisorwith calculated
radiative correctionsit is importantthattheinfluenceof nuclearstructureis well understood.

Measurement®f hfs for highly-chaged hydrogen-likesystemshave beenreportedfor several
elements:'®Ho%+ [116], '8°Re™* [117], '3"Re™+ [117], 2°7PB'+ [118], 29°Bi®?* [119] and
209Bj80+ [120]. The results,in particularfor '5°Ho®%+ and 8% 18"Re™+, werefound to differ con-
siderablyfrom predictionsbasedon a single-nucleordescriptionfor the nuclearmagnetizatior{55,
121, 122]. For the caseof Tl, whichis closerto a double-magimucleus betteragreemenshouldbe
expected.

However, without resortingto nucleartheory the isotopicdifferencein hfs for the hydrogen-lile
systemganbepredictedby usinghyperfineanomaliegor neutralTl [110,127, whichweremeasured
in the earlydaysof radiofrequeng spectroscopyFor the6p, ;» groundstateof neutralTl, theanomaly
is203A295 — —1.036(3) x 10~* [123]. Many-body effectswerefoundto accountor about9% of the
total 6p; ,» anomalyin neutralTl.

To estimatethe sizeof the 1s anomalyfor the hydrogen-likesystemwe recallthata one-electron
anomalydependn the angularmomentumput is essentiallyn-independentThe ratio betweerthe
Bohr-Weisskopfeffect for s, and p,,» orbitalsis about3.3. The total anomalyis, however, also
affectedby the nuclearchage distribution, which affects the orbitals closeto the nucleus.The ratio
betweenthis “Breit-Rosenthal(-Craford-Schavlow)” [57, 58, 59)) effect for s,,, andp,» orbitals
is slightly larger, 3.7. The ratio betweerthe anomaliedor s,/ andp, /» thusdependsn the relative
importanceof changesn the nuclearchage andmagnetizatiordistributions.

To find the importanceof changesn the chage distributions, calculationswere performedfor
orbitalsobtainedwith severaldifferentchoicesof the parameters; anda, in the Fermidistributionfor
the chage distribution(1). The orbitalsobtainedfor differentdistributionswerethenusedto evaluate
thehyperfineinteracationThe"Breit-Rosenthal'effect canbeexpressedn termsof acorrectiorfactor
(1 — epr), which canbe parametrizedn termsof changesn the chage distribution, usingepr =
—z,d(r?) (neglectingary changesn theskinthickness)For theinteractiorwith anextendednagnetic
dipolemomentwhich giveslessweightthana point dipoleto the electronorbital for very smallradii,
we obtainedthevaluez, = —0.78 x 10~3 fm~2 for the 1sgroundstateof hydrogen-likeT! [4].

Muonicisotopeshiftsmeasuremen{g8] gived(r?) by assumind-ermidistributionswith the same
skinthicknessg. Theresultfor thedifferencenetweert® Tl and?*5Tl is d(rZ) = 0.115(3) fm?, giving
203205 = —(.897(23) x 10~* for 1sin H-like Tl and?®3A2% = —(0.245(6) x 10~* for the single
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particleeffectof 6p, /» in neutralTl. Therestof the anomalyis thenascribedo differencesn nuclear
magnetizationThe theoreticalestimategfor the ratio betweenthe effects for the 6p; ;» anomalyin
neutral TI and 1s anomaliesfor hydrogen-likeTl canthenbe usedto estimatethe total anomalyin
hydrogenlikeTl.

Following theseconsiderationghe datafrom the6p, ;» groundstateof neutralTl yield anestimate
of —3.21(5) x 10~* for the anomalyof the 1s groundstateof hydrogen-likeTl, correspondindgo an
enepy differenceof 30.71 & 0.16 meV or a wavelengthdifferenceof 36.17 £+ 0.19 A, in excellent
agreementvith the experimentalvalue[4]. Theestimatedlifferencein magnetizatiomadiusbecomes
§(rZ) = 0.38(1) fm?, considerablyargerthanthe changen chageradius.

5. Conclusion

The searchor atomicparity non-conserationstimulatedthe developmentof atomiccalculations.
Fundamentgbroblemsvereencountereduringthe developmentThemethoddgo treatpair correlation
in arelativistic framewvork have comealong way sincethe early efforts in mid-eighties Thesedevel-
opmentsnabletheoriststo makeusefulpredictionsandto interpretexperimentakesultsfrom atomic
spectroscopyn termsof nuclearpropertiesor interactionparametersHowever, the extraction of pa-
rameterds sometimedimited by anincompleteunderstandingf the nuclearphysicsinvolved. Today
mary of theresultsobtainedfrom a combinationof atomictheoryandexperimentdirectthe challenge
to nucleartheory The studyof atomicphysicson the borderlineto nuclearandparticlephysicsbrings
togetherphysicistswith very differentbackgroundsandis characterizedy mary-body interactions,
bothontheparticleandpersonalevel.
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