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Atoms Through the Looking Glass -
A Relativistic Challeng e

Ann-Marie Mårtensson-P endrill

Abstract:

The searchfor weak-interactioninducedatomicparity non-conservation,initiated in the
70s,challengesboth theoryandexperiment.Sincethe weakinteractionis very short-range,
the atomiceffects increaserapidly with nuclearcharge,as

���
. The focushasthusbeenon

heavy atoms,whererelativistic effectsareessential,andnuclearsizemustbe takeninto
account.The generalizationof atomicmany-body methodsto relativistic systemsinvolved
both computationaland formal difficulties, incorporatingmethodsdevelopedin quantum
electrodynamics.Twenty yearsago,the ability wasemerging to treatatomicpair correlation
in a relativistic framework. The applicationto many-electronsystemsopenedfor comparison
with many atomicproperties,suchas isotopeshifts, hyperfinestructureandhyperfine
anomalies,which reflectnuclearproperties.In addition, the searchfor simultaneousviolation
of both parity and time reversalsymmetryinvolvesdifferent typesof effects,including
nuclear”Schiff moments”.Comparisonbetweencomputedandexperimentalresultsfor highly
chargedhydrogen-likesystemsprovidesa testof the theoreticalandnumericaltreatmentof
the electron-nucleusinteractionandof the descriptionof nucleardistributions.

Key words: Bohr-Weisskopfeffect, nucleardistribution, magnetization,hyperfineanomaly, isotope,
parity, edm,relativistic pair correlation.

1. Intr oduction

The1956-1957Parity Revolution [1, 2] shookphysicists’belief in symmetries,sostronglytaken
for grantedthatmirror symmetryhadhardly beentested[3]. Thefifty yearanniversaryof theParity
Revolution coincideswith the EBIT twenty year celebration.This paperpresentsa broadview of
the developmentof atomic theoryover two decades,in connectionwith the questfor atomicparity
non-conservation (PNC), which challengedthe developmentof methodsto treatpair correlationfor
relativistic systems.Theroadto calculationsof PNCeffectsalsopassescalculationsof otherproperties
involving theatomicnucleus,suchashyperfinestructure,isotopeshift andhyperfineanomalies.

The combinationof atomic theorywith experimentalresultscangive informationaboutnuclear
distributions,whichmayberelevantfor thestudyof atomicparitynon-conservation,with andwithout
accompanying violation of time reversalsymmetry. An EBIT-relatedexampleis thecalculationof the
BohrWeisskopfeffect in Tl in connectionwith measurementsby PeterBeiersdorferandcolleagues[4].
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1.1. Asymmetries in Nature

In our everydaylife, therearemany examplesof differencesbetweenleft andright, not only in
humanconstructions.If you find a seashellat thebeachtheprobability that it is right-handedis over-
whelming,even on the southernhemisphere.Honeysucklesarelefthanded.Nearbyright-handedex-
amplesarefoundin theBerkeley campuseucaluptustrees.

Theasymmetriesoccuralsoona smallerscale.Thedoublehelix of theDNA, e.g.,is alwaysright-
handed.Early investigationsof thenatureof asymmetricmoleculeswereperformedby Pasteur[5]. He
foundthata solutionof sugarwasoptically active, in contrastto substanceshecouldsynthesizein the
laboratory. Usingtweezersundermicroscope,hethensortedcrystalsof tartaricacid,anddissolvedthe
two typesseparately- andfoundthatoneof thesolutionsgave anopticalrotationto theright, whereas
theothersolutiongave anequal,but opposite,rotation.Pasteurwasfascinatedby theasymmetry, and
thoughtthatit might includethekey to understandinglife. In aneffort to createanunbalancedmixture
of right- and lefthandedmolecules,he tried to apply a strongmagneticfield; we all rememberthe
right-handrulesfor electromagnetism.Still, Pasteurwasunsuccessful.Electromagnetismis symmetric
undermirror inversions.Every physicaleffect requirestwo applicationsof a right-handrule. Thus,
replacingtheright-handrule by theleft-handrule of themirror doesnot changethephysicaloutcome
of electromagneticinteractions.

1.2. Mirr ors, Inversionsand Rotations

A left-handedspiral becomesright-handedon the othersideof a mirror, but no amountof rota-
tion canchangeits handedness.A 180-degreerotationis equivalentto an inversionof two coordinate
axes.A secondinversionwould returnthe original handedness.A Parity inversionchangesall three
coordinateaxes,andis thusequivalentto amirror inversionfollowedby a 180degreerotation.

Until 50 yearsagomostphysiciststook for grantedthat the fundamentalinteractionsweremirror
symmetric,andthusunchangedby a parity inversion.WhenLeeandYangproposedthatparity might
be violatedin beta-decay[1], RichardFeynmanbet NormanRamsey 50 dollarsto 1 that physicsin
themirror world wouldbeunchanged.He lost.Thenow classicalexperimentby Wu et al showedthat
thebetadecayof ��� Co violatedparity [2]. Ramsey resumedthesearch,initiatedalreadyin 1950 [3],
for a neutronelectricdipole moment,which would violate parity. This seemsto have beenthe first
questioningof theparity conservation.

1.3. Atomic Parity Non-Conservation

Weakinteractionsbecomerelevantfor atomicphysicsthroughtheneutralcurrentcomponent.The
neutralvector boson,Z, was discoveredin CERN in 1983,at aboutthe sametime as the charged
bosonW. Thevectorbosonsmediatetheweakinteraction,andareexchangedasvirtual particles.The
weakinteractionis very shortrangesincethe mediatingbosonsareheavy (the massof the Z boson
is comparableto a Sr atom)andcannotgo far beforeannihilation.It influencesthe electron-nucleon
interaction,giving it a parity non-conservingpart, which leadsto a weak chiral componentin the
electronwavefunction.This makesatomsoptically active. The nuclearspin-independentpart of the
resultingparitynon-conservinginteractioncanbewrittenas:�	��

�������������� �������! #"%$'&
Here, � � is theweakinteractionconstantand � �)(+*-,/.10 �32 *54'687:9�;8<=�  is the“weak nuclear
charge”, which dependson thestrengthof theweakinteractionparameters.Theshort-rangecharacter
of theinteractionis indicatedby �>���! , whichis anormalizednucleardistribution,essentiallyfollowing
the neutrondistribution. The parity admixtureis causedby the operator"'$ , which interchangesthe
upperandlowercomponentof a relativistic electronwavefunction.
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For a long time, it wasbelieved that the effect of the weak interactionwas too small to be ob-
served.Thequestfor atomicparity non-conservationwasinitiatedby BouchiatandBouchiat[6] who
pointedthattheeffect is stronglyenhancedfor heavy atoms,displayinga 0-? behaviour. By usingsemi-
empiricalmethodsthey coulddemonstratethatit mightbeobservablefor heavy atoms.They suggested
a few candidateatoms,suchasCs,Tl, PbandBi. During theyearsto come,experimentswereunder-
takenatanumberof laboratories,includingParis,Oxford,Seattle,Novosibirsk,Berkeley andBoulder.
After initial yearsof confusingandcontradictingresults,theeffect is now well established.Themost
preciseresultshave beenobtainedfor Cs (Z=55), where the experimentalaccuracy is at the 0.4%
level [7, 8]. Theseresultschallengetheoreticalcalculations[9, 10]. At this level of accuracy, a careful
treatmentof the Breit interaction[11, 12] andQED effects[13] is necessaryfor agreementbetween
theoreticalandexperimentaldata[11, 12].

As amethodtocircumventtheneedfor accurateatomiccalculations,it hasbeensuggested[14] that
measurementsof parity non-conservationbeperformedover chainsof isotopes,undertheassumption
that theatomicfactorwould be thesamefor all isotopes.Thedependenceon theweakcharge could
thenbefactoredout.A complication,which limits theattainableaccuracy, aspointedoutby Fortsonet
al [15, 16], is thattheneutrondistribution is, in general,not known, in contrastto protondistributions
whichhave longbeenstudied,e.g.throughisotopeshiftsin atomictransitions.JamesandSandars[17]
performedaparametricanalysisof thesensitivity,bothto changesin thechargeradii andto differences
betweenneutronandprotonradii.

Theweakinteractionbetweennucleonsmayalsogiveriseto a paritynon-conservingnuclearana-
polemoment[18, 19]. This combineswith thespin-dependentpartof theelectron-nucleonparity non-
conservinginteraction.This resultsin a hyperfinedependencewhich hasbeenmeasuredfor Cs [20],
andexperimentsareunderwayfor othersystems,includingFr [21].

1.4. Electric Dipole Moments and Time Reversal Violation
“The argumentagainstelectricdipolesraisesdirectly from thequestionof parity. A nucleuswith an
electricdipolemomentwouldshow anasymmetrybetweenleft- andright-handedcoordinatesystems.
In onesystemthe dipole momentwould be parallel to the angularmomentumandin the otheranti-
parallel.”, Ramsey andPurcellwrite in a1950paper[3] andcontinueby notingthat“the questionof a
possibleexistenceof anelectricdipolemomentof a nucleusor of anelementaryparticle[...] becomes
a purelyexperimentalmatter”.

Althoughtheexistenceof parity violating interactionsis well established,theexperimentalsearch
for a possibleneutronelectricdipolemoment(EDM) continuesto provide only moreandmorestrin-
gentupperlimits. An EDM violatesnotonly parity, but alsosymmetryundertime reversal[22], (most
easily visualizedby reversingall motions).CP violation, which implies T violation if CPT is con-
served,wasdiscoveredin thedecayof neutralK mesonsin 1964[23]. The ever-falling limits of the
EDM of neutronandotherparticleshave causedthefall of many theoriesto explain CPviolation[24].

In 1987,when I first met NormanRamsey (Figure1), I askedhim if he thoughtthat a neutron
EDM wouldbefound.Herepliedthatsinceweknow thatCPis violated,it shouldexist ”unlessnature
is particularlymalevolent againstNormanRamsey”. He continuedto point out that it waslessclear
whetherit would be foundduringhis lifetime. Twentyyearslater, particleEDMs remainelusive, but
otherexamplesof CPviolationhave beenobserved,in thedecayof neutralB mesons[25, 26].

1.5. Electric Dipole Moments of Particles, Nuclei and Atoms
An atomicEDM experimentallycanarisein a numberof differentways,both throughpossible

P andT violating interactionsandthroughEDMs of fundamentalparticles[27]. A limit for P andT
violating interactionsbetweenelectronsandnucleonscanbe establishedfrom experimentallimits of
atomicEDMs combinedwith theoreticalcalculationstheratio betweentheinducedatomicEDM and
therelevantinteractionparameters[28].
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Fig. 1. NormanRamsey togetherwith theauthordiscussingTl isotopeshifts.(Photo:IngvarLindgren)

In the limit of non-relativistic point particles,no atomicelectricdipole momentcanbe induced
by an EDM of a chargedparticle.However, throughrelativistic effectsan electronEDM caninduce
an atomic EDM, as much as 100-1000times larger in easily polarizablesystems,suchas Cs and
Tl [29, 30]. Thefinite extensionof thenucleusmakesit possible,e.g.for a protonEDM, @=A , to cause
an atomicEDM if the nuclearcharge anddipole distributionsdiffer. The observableeffect depends
on ”Schiff moments”,proportionalto B3C � ;D!E * C � ;F EHG [31]. Schiff momentshave to be obtainedfrom
nucleartheoryandcanalsoincludeadditionalcontributionsfrom P andT violating nucleon-nucleon
interactions.In section2.3,we show how observed hyperfineanomaliesin Tl give a measurefor the
changein thedifferencebetweenthenuclearchargeandmagneticmomentradii.

1.5.1. Polar Molecules
Experimentshave alsobeenperformedfor polarmolecules,following theobservationby Sandars

that “a polar moleculecan be almostcompletelypolarizedin attainablelaboratoryelectric fields”
makingit possibleto obtainlargeeffectiveelectricfieldsat thenucleus,which “will no longeraverage
to zero,but will beparallelto theexternalfield” [32]. Stringentexperimentallimits havebeenobtained
for TlF [33, 34, 35, 36,37],andYbF [38,39]. Quantumchemistshaverisento thechallengeof applying
relatively completecomputationalmethodsinlcuding a relativistic treatmentalso for suchcomplex
systemsasTlF [40, 41], YbF [42] andPbO[43].

2. Nuclear Effects in Atomic Spectra

Thenucleusaffectsatomicspectrain many ways.A well-known exampleis thehyperfineinterac-
tion betweenelectronsandthenuclearmagneticmoment,which resultsin a smallsplitting of spectral
lines. The 21 cm hyperfinetransitionin the groundstateof hydrogenprovides the universallength
scalefor theplaquesentoutwith Pioneer. Thehyperfinestructureof thegroundstateof I ?�? Csdefines
thesecondin theSI systemof units.Accuratemeasurementsof atomichyperfinestructurehave been
availablesincethe1950s,throughthedevelopmentof radio-frequency techniques[44].

Both thehyperfineinteractionandtheparity non-conservinginteractionsaresensitive to theelec-
tronicwave functionscloseto thenucleus,whichdependonthenuclearchargedistribution,whichare,
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in general,relatively well known. However, thesearchfor parity non-conservingeffectsraisesa need
for increasedunderstandingof nuclearstructure,includingnucleardistributionsotherthanthosetradi-
tionally studied.Theelectroweakelectron-nucleusinteractioninvolvestheneutrondistribution,andthe
searchfor possiblePandT violatingeffectsin thenucleusinvolvesso-called”Schiff moments”.These
distributionsandmomentsmustoftenbeobtainedfrom nucleartheory, andany additionalexperimen-
tal informationmay provide usefulcalibrationfor thesecalculations.Oneexampleis the hyperfine
anomaly, resultingfrom isotopicdifferencesin bothcharge andmagnetizationdistribution, discussed
morein Sections2.1and2.3.

2.1. Nuclear Charge Distrib utions

Theearly theorists,without accessto computers,hadstrongreasonsto useanalyticaldescriptions
of charge distributionsand potentials,that enabledseriesexpansionsof analyticalsolutionsof the
wavefunctionswithin andcloseto thenucleus.A commonchoicewasthehomogeneouscharge dis-
tribution insidea radius J � J ��K IML ? , where K is themassnumberof nucleus.The mostimportant
parameterfor many propertiesis theexpectationvalue C � ; E , whichhasthevalue NOJ ;QP�R for ahomoge-
neousnucleus.Alreadythissimpledistributiongivesthecorrectanalyticalbehaviour of theelectronic
wavefunctionsat � �TS

andprovides useful expansionsfor a generalunderstandingof the effects
involved.

Experimentalinformation aboutcharge distributions are derived from many sources,including
electronscattering.Theexperimentaldataindicatethat J �VU 2O& � fm givesa reasonableapproximation
for thehomogeneousdistribution. Clearly, thetail of a realnucleusis lesssharpthanindicatedby the
homogeneousdistribution. Thetail is oftendescribedin termsof a “skin thickness”,W , definedasthe
distancein which thechargedensityfalls from 90%of its centralvalueto 10%.Experimentsindicate
that W is about2.3fm for mostnuclei.

Theresultsfrom electronscatteringexperimentsandareoftenexpressedin termsof parametersfor
a Fermi-distribution[45], whichgivesa realisticdescriptionof thenucleardistribution [46, 47], andat
thesametimeprovidesconsiderableflexibility in theanalysis:�����! � � �2 .�X!Y[ZQ\ FM] L�^`_ (1)

where,a is thehalf-densityradiusand b is relatedto theskin thicknessas W � � 4�ced N  b . For vanishing
skin thickness,theFermiform reducesto thehomogeneousdistribution with a radiusJ � a .

Anothersourceof informationaremuonicX-ray energies.Theseprobesomewhat differentmo-
mentsof thenucleardistribution,theso-called“Barrettmoments”,C �=f%g \ih�Z E . Nevertheless,theresults
arequotedalsoin termsof C � ; E [48].

Optical isotopeshiftsprovideanimportantsourceof complementaryinformation,in particularfor
chainsof radioactive isotopes.It is found that the changesin charge radiusalong an isotopechain
are,in general,smallerthanindicatedby the textbook formula above. The isotopeshifts alsoreveal
an “odd-even staggering”of the C � ; E values,providing evidenceof nuclearshell structure[49, 50].
Spectacularrecentapplicationsincludetheprecisiondeterminationof the “deuteronstructureradius”
from the hydrogen-deuteriumisotopeshift of the1s–2s two-photonresonance[51] andthestudyof
Li isotopeshifts[52], furtherdiscussedby GordonDrakeat thismeeting.

2.2. Nuclear Charge Distrib ution and Electronic Wavefunctions

Outsidethe nucleus,the potentialis identical to that from a point nucleus: *-0 g ;=P!4'j�k � � . Close
to the origin, the potentialis essentiallyconstant.This determinesthe behaviour of the orbitals for
very small � , which is obtainedby a seriesexpansionof thecoupledradialequationsfrom the Dirac
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equation:

*ml� a�n�oo � *qp �sr � �:�! � t u *�v �:�! :wyxz�:�! _l� a n{oo � . p �sr xz�:�! � |}u . �O~�� a ; *5v ���! #� � ���! _ (2)

where p ��� ��� . 2 P �  for � �1�'� 2 P � , u is thebindingenergy and x����! and � ���! aretheradialparts
of the“large” and“small” components,respectively, of a relativistic wavefunction.(Thesignrelation
in Eq.(2) betweenx and � is valid for the“

� 6 -convention” for thecouplingof spinandorbitalangular
momentum.)

Insideanextendednucleustheleadingtermin theuppercomponentis �=� . For � �1� . 2 P � orbitals,
thelowercomponentcarriesanextrafactor � , whereasfor the � �1� * 2 P � orbitals,thelowercomponent
hasa smallterm �=� \ I which dominatesfor verysmall � .

We notethatatomicorbitalswith � � 2 P � (i.e. s andp IML ; orbitals)have anappreciableprobability
within thenucleus,wheretheir densityis essentiallyconstant.Theeffectof thenucleardistributionon
atomicpropertiesthenbecomesproportionalto theexpectationvalue, C � ; E ��� � ; �����O o	� P � �����O o	� ,
of thenucleardistribution.

The dependenceon C � ; E is well-known from studiesof optical isotopeshifts,which arechanges
in transitionfrequency betweendifferentisotopesof anelement.The“field” or “volume” isotopeshift
is thepartdueto thedifferentcharge distributionsandis to a first approximationexpressedas �O� �x �'C � ; E , where x � � � j�P N  �� 0 g ;=P!4'j�k �  M��� ��� S  =� ; .

For heavy nuclei,also the next termsin the expansionof the wavefunctionsbecomesignificant.
Theelectrondensitythenvarieswithin thenucleusandhighermoments,�'C �=� E , �'C � � E , . . .of thenuclear
distributioncontribute.Thesecanbeaccountedfor through“Seltzer”correctionfactors,p [53], which
have beentabulated[54]. Thecorrectionfactorfor Bi, e.g.,is about0.92.Thecorrectionfactorsareof
coursenotneededif thedistributionis useddirectly in thecalculation.

Theenergy of asystemis only weaklyinfluencedby detailsin thenuclearchargedistribution.Even
for 0 � 2 S�S , usingan extendednuclearcharge givesonly an 0.1%reductionof thebinding energy.
Dif ferencesbetweendifferentdistributionsarelessthanapercentof thecorrectionitself. However, for
atomicpropertiessensitive to thewavefunctioncloseto the nucleus,theeffect is muchlarger. Using
a point charge, with the resultingunphysicalbehaviour of the wavefunctionat � ��S

, thenleadsto
overestimatesby severalpercentfor high 0 .

An importantobservationfor thestudyof nuclearpropertiesis thattheorbitalbehaviour within the
nucleusdependson theangularmomentum,but is essentiallyindependentof thebindingenergy. For
very heavy nuclei, thebinding energiesarea larger fraction of the nuclearpotentialenergy, giving a
small 9 -dependencein theorbitalbehaviour closeto thenucleus,asdemonstratede.g.by Shabaev [55]
for hyperfinestructurecorrectionsfor differentvaluesof 0 .

For amany-electronsystem,all electronsareaffected,but mainly throughtheir interactionwith the
modified � � 2 P � orbitals.It is thenthesensitivity of theinteractionof the � � 2 P � orbitalsthatneeds
to bestudiedin detail.

Theeffect of thenucleardistributioncanbeparameterizedin termsof themoment C � ; E , C �=� E andC � � E of thenuclearcharge.To facilitatecomparisonsbetweendifferentcalculations,we thereforesug-
gestthatwhatevernucleardistributionis used,thesemomentsshouldbegiven(orsufficientinformation
providedto maketheir extractioneasy).
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Mårtensson-Pendrill 7

2.3. Hyperfine Anomalies and the Importance of Charge and Magnetization Distrib utions

The magnetichyperfinestructure(hfs) arisesfrom a couplingbetweenthe magneticmomentsof
thenucleusandtheelectron,givenby�	���[�� ����m��� ��¡� ; (3)

for a pointmagneticdipole.
Themagnetichyperfineinteraction(Eq.3) leadsto anenergy splittingwhich is oftenexpressedasKm¢ �=£ , where ¢ and £ , aretheangularmomentaof thenucleusandtheelectron,respectively. Thehfs

wasan early sourceof informationaboutnuclearspin andmagneticmoments.In general,magnetic
momentsareknown betterthroughothersources,suchasNMR. Hyperfinestructurecanthusbeused
in orderto testatomicwavefunctions[56].

Theratiobetweenthemagneticmomentandthe“ K -factor” is, however, foundto vary slightly be-
tweenvariousisotopesof anelement.Thisdifferenceis expressedin termsof an“hyperfineanomaly”:I � ;¥¤ K�I3¦ ;K ; ¦ I * 2

Partof thehyperfineanomalyarisesfrom differencesin thechargedistribution(theso-calledBreit-
Rosenthaleffect [57, 58, 59]). Anothercontribution to the hyperfineanomaly, the “Bohr-Weisskopf
effect” [60] arisesfrom thedistributionof nuclearmagneticmoment,which leadsto a modificationof
thehyperfineinteraction(3) within thenucleus.In thisway, thehyperfineanomalycangiveinformation
aboutdifferencesin themagneticmomentdistribution.

2.4. Isotope Shifts

The change,�'C � ;F EH§�§©¨ , in charge radiusbetweentwo isotopescontributesto the differencesin
transitionenergies betweenthe isotopesK and K«ª . The transitionenergies are also sensitive to the
massdifferencesbetweendifferent isotopes,dueto the kinetic energy of the nucleus.The resulting
isotopeshiftscanbewritten in theform [61]

�O� §�§©¨ � BH¬®­�¯«° . ¬�°±¯«° G�² 2³ § * 2³ ª§µ´ . x p �'C � ; E §�§©¨ (4)

To provideascalerelatingtheobservedisotopeshiftsto thedesired�'C � ;F EH§�§ ¨ values,it is necessary
to calculateor estimatethespecificmassshift constant,¬ °�¯«° , aswell asthe factor x p for thefield
shift, discussedin Sec.3.2.Froma computationalpoint of view, it is oftenconvenientto dealdirectly
with shift of individual levels [62], which can be definedas the shift of the binding energy. Using
many-bodyperturbationtheory, startingwith aclosed-shellcoreasareference,thisquantityis obtained
directly [63], without theneedto ”determinetheweightof a captainby weighingtheshipbeforeand
afterheenterstheship”.

For heavy systemsthe massshift is very small. In the caseof the 7s - 7p? L ; transition in Fr,¬ ­�¯«° � ~z� � � ���O¶ &¸·�·V¹mº¼»�½ , thenormalmassshift is of theorderhalf apercentof thetotal isotope
shift (about5 MHz for � K � 2 ). Thespecificmassshift arisesfrom a correlationof the electronic
momentathroughthemotionof thenucleus.A Dirac-Fock evaluationincludingtheexpectationvalue
of ¾ I � ¾ ; betweenthevalenceelectronandthecore,but alsotheeffect of theperturbationof thecore
orbitals,givesaratio SMS/NMS (¿* � & 4 for the À 6Á* ÀQÂ ? L ; transition.This resultwill bemodifiedby
correlationeffects,expectedto reducetheSMS,asindeedfound in the recentcalculationsby Dzuba
et al [64], who obtainSMS/NMS (Ã* 2�& 4 . For a relativistic system,theexpressionsfor themassshift
shouldbemodified,but thishassofar beenneglectedin view of thesmallsizeof theeffect.
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2.5. The Field Isotope Shift

The”field” or ”volume”isotopeshift arisesdueto thedifferentnuclearpotentialsresultingfrom the
differentchargedistributions.Thefield shift is sensitiveto thechangein electrondensityat thenucleus
betweenthe two statesinvolved in the transition.A first approximationof the field shift constantisx � � � j�P N  Q� 0 g ;8PÄ4%j u �  3��� �Å� S  =� ; . For aheavy nucleus,theelectrondensityvarieswithin thenucleus,
andalsohighermoments,�'C �=�F E , �'C � �F E , ... contribute.The”Seltzer” correctionfactor[53], p , in Eq.4
hasa valueof about0.93for Fr [54]. Theapproachusedin our calculationsis to replacethecontact
interactionby analternativeoperatorthatincludestheradialdependenceof thecorrection[65].

In theabsenceof theoreticalvalues,thefield shift constantfor anselectronis oftenestimatedfrom
thes-electronhyperfinestructure.Usingtherelationsbetweenthenon-relativistic operatorsgivesxÇÆ%È � *«Éz0 K Æ%È P ¦OÊ (5)

whereÉ � �M2�Ë:Ì POÍ �  ; P | ¡ ; � ~`Î P �O³ A  Q� � Î P ��Ï  � _ (6)

whichhasthenumericalvalue Ð &e2 Ð�N ¶ 2 � 2 S \ ? if theA factoris givenin MHz, ¦OÊ in nuclearmagnetons
andF in MHz/fm ; . Thefactor( � Î P � Ï ) accountsfor theanomalousmagneticmomentof theelectron.

Correctionsto the ratio can arisefrom several sources.Most important is the modificationdue
to thesignificantlylarger relativistic correctionfactor for thefield shift. For a many-electronsystem,
thedifferentangularstructuresof theoperatorsleadto differencesin thecorrectionsfrom themany-
electroninteractions,asanalysed,e.g.in connectionwith calculationsfor K [66] andFr [67].

3. Atomic Theory

3.1. Hyperfine Structure in Alkali-Like Systems

Hyperfinestructuresof alkali-like systemsareanold applicationof Many-Body-PerturbationThe-
ory (MBPT) with many accurateexperimentalresultsavailablefor comparison[44], giving anindica-
tion of theaccuracy to beexpected.

Thestartingpoint for our calculationsis usuallya Dirac-Fock descriptionof theclosed-shellcore.
TheDirac-Fock potentialfrom thecoreorbitalsis thenusedto generatethevalenceorbital, aswell as
excited orbitals.Evaluatingthe effect of thehyperfineinteractionon the valenceorbital, itself, often
givesa qualitatively correctdescription.A Dirac-Fock valenceorbital, e.g.,givesabout60-70% of
thegroundstatehyperfinestructurein thealkali atoms.For the iso-electronicsingly ionizedalkaline
earthelements,theagreementis, of course,better, about70-80%for thegroundstate.Thesituationis,
however, quitedifferentfor caseswherethehyperfinestructureis invertedor stronglyperturbed.

A first correctionis oftenobtainedby notingthat theadditionalperturbationaffectseachelectron,
leadingto amodificationof thethepotentialfelt by theotherelectrons.Keepingtermsto lowestorder
in the externalperturbationin the constructionof the Dirac-Fock potentialleadsto a setof coupled
equationswhich canbesolvedby iteration[68, 69, 70] in procedurescloselyrelatedto the “random-
phaseapproximation”(RPA). For thegroundstatesin thealkalis,theseRPA-typecalculations[69, 71]
reproduceabout75-85%of theexperimentalvalues,improvedto about90%for thealkalineearthions.
In somecases,like the4d$ L ; statesin Rb [72, 73] andSrÑ , theRPA termsleadto aninversionof the
hyperfinestructure.In thesecases,correlationeffectsareclearlycrucial,andhave beendealtwith to
higherorders.

Methodsto treat single-particleeffects to all orders,were applied to the study of parity non-
conservingeffect from earlydays[74, 75], whereasa relativistic treatmentof correlationtook longer
to develop.
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Fig. 2. JoeSuchertogetherwith EvaLindroth,June2006)

3.2. Atomic Theory Twenty Years Ago

At thetime of thefirst EBIT spectrum,whosetwenty-yearanniversarythis conferencecelebrates,
theability to performaccuratecalculationof atomicpair correlationwasemerging. During theyears
to come,challengesboth on the formal, numericalandcomputationallevel have beenmet,enabling
theoriststo dealwith many differentpropertiesfor heavy atoms,producingaccuratenumbers,valu-
ableboth in their own right andasteststo demonstratethe expectedaccuracy of calulcationswhere
experimentaldataarenot availablefor comparison.

Varioustypesof non-relativistic methodshadbeendevelopedto dealwith correlationin different
systems,includingvariationalmethods,suchasCI (configurationinteraction)andMCHF (MultiCon-
figurationalHartree-Fock) [76] andperturbationalmethods,suchasMBPT (many-body perturbation
theory)andCoupled-Cluster(CC)methods[77]. In general,variationalmethodswereemployedmostly
for overallspectraandoscillatorstrengths,whereasperturbationapproacheswereoftenappliedtoprop-
ertiesresultingfrom interactionscloseto the nucleus,suchashyperfinestructureandisotopeshifts,
which do notnecessarilygive largeeffectson thetotalenergy.

Twentyyearsago,many physicistsworkingon atomiccalculationsmetata symposiumin Trieste.
Helium-like systemswerea naturalfirst stepto inclusionof correlationeffects for a many-electron
system.For thesesystems,theveryaccuratetheoreticalresultsby Drake[78] provide abenchmark.

During theTriestemeetinga few groupspresentedresultsof their efforts to treatrelativistic pair
correlation,bothon aformalandcomputationallevel. AlthoughDirac-Fock (DF) andMulticonfigura-
tion Dirac-Fock (MDCF) [79, 80] in generalgave goodresultsfor many properties,doubtshadbeen
caston the fundamentfor thesecalculations[81]. The Dirac equation,usedto obtain a relativistic
wavefunctionfor theelectron,hassolutionsbothfor positiveandnegativeenergies,wherethenegative
energy solutionsareseenasdescribingpositrons.Mathematically, a completesetof solutionsto the
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Dirac equationincludesboth types.For a two-electronsystem,thereis an infinite numberof combi-
nationsof onepositive andonenegative energy electronfor any givensumof one-electronenergies.
If perturbationtheoryis appliedwithout caution,thedenominatorwill bezerofor an infinite number
of combinations,resultingin a ”continuumdissolution”.In a variationaltheory, thepresenceof these
statesmay lead to a ”variationalcollapse”.In practice,the problemmay be of limited importance,
whereboundaryconditionsrestrictallowedsolutions.

Sucher(Figure2) advocatestheapplicationof projectionoperators[81]. However, eventhen,cau-
tion is required.Thedistinctionbetweenpositiveandnegative energy one-electronfunctionsdepends
on the potentialusedin the equationto definethe orbital basis.It is a matterof preferenceif a per-
turbationis seenasmodifying the basissetor as leadingto admixturesof virtual electron-positron
states[82, 83].HardekopfandSucher[84] foundthataprojectionof thenuclearpotentialontopositive
free-electronstatescauseda loweringof the1selectrongroundstateof hydrogen-likeions.This illus-
tratesthat the projectiononto free-electronpositive energy statesin fact led to inclusionof negative
energy statesof thehydrogen-likesystem[85].

Implementationof projectionoperatorsdirectly in theequations[86] leadsto additionalcomplica-
tions.Mostcalculationsuseinsteadanexplicit summationoverorbitalsobtainedwith boundarycondi-
tionsallowingonly electronicstates[87, 88,89].As in thecaseof non-relativisticcalculations,thesum-
mationoverangularmomentamustbetruncated.However, therelativistic correctionsexhibit aslower
angularconvergence,

� \ ; , comparedto
� \ � for thedominatingnon-relativistic term.For increasedpre-

cision,theangularextrapolationmaybeperformedseparatelyfor the relativistic correction[87]. The
slow convergenceis causedby thecuspfor � I � � ; , madeevensharperby theapplicationof projection
operators,whetherexplicit or not.

Recentdevelopmentshave aimedfor a mergingbetweenmany-bodyperturbationtheoryandQED
[90, 91].

With theability to treatpaircorrelationin arelativistic framework, thedifficultiesin thegeneraliza-
tion to many-electronsystemsareverysimilar to thenon-relativistic case,althoughthecomputational
demandsgrow largerdueto the needto treattwo componentsfor every orbital, andtwo j-valuesfor
every angularmomentum(except s). A few examplesof calculationsfor many-electronsystemsare
presentedin thenext section.

4. Numerical Results

In thissection,a few examplesof numericalresultsarepresentedasillustrations.Thefirst example
is a calculationof the hyperfinestructureof the 4%;�É stateof rubidium-like strontium.This stateis
of interestasa possibleclock transition,andthe calculationswereperformedto assistthesearchfor
the transition.Thesecondexampleis a comparisonof many-body effectson hyperfinestructureand
isotopeshifts of the groundstateof Fr. The numericalresultsenablemore accurateextractionsof
isotopedifferencesin nuclearcharge radii. Finally, experimentalandtheoreticalresultsfor hyperfine
anomaliesin neutralTl arecombinedwith resultsfor hydrogenlikeTl, andgivesacomparisonbetween
changesin nuclearmagnetizationandradii.

4.1. The Hyperfine Splitting of the 4 ; É state of Sr Ñ
Single, trappedions have cometo play an importantrole as possiblefrequency standards,with

several differentcandidateions.Onesuchion is SrÑ , which is studiedby theNPL [92, 93]. A possi-
ble improvementmight involve the odd isotope ÒQÓ Sr, which hasthe nuclearspin 9/2. The feasibility
dependson thesizeof thehyperfinestructureof the4d$ L ; state,anda coupled-clustercalculationwas
performedto provide guidancein thesearch.

For thehyperfinestructureof thisstate,several largecontributionscancelpartially andcorrelation
effectswere found to be extremely important- a few times larger thanthe final result [94]. Similar
nonrelativistic calculationswereperformedfor Rb [95].
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Thesensitivity to perturbationsof thehigherangularmomentumstates,in general,is relatedto the
centrifugalterm(givenby l� ; � � � . 28 P �O~ � ; in thenon-relativistic formalism).Griffin et al [96] have
studiedeffective quantumnumbers,9�Ô , for @ and Õ electronsasa functionof atomicnumber. They
found 9 Ô to changesmoothlywith increasingatomicnumber, until it dropsabruptlygoing from the
inert gasto thealkali atom,andtheneven further reachingthealkalineearth.This “orbital collapse”
resultswhenthe nuclearcharge is sufficiently strongto pull part of theorbital insidethe centrifugal
barrier [97, 96]. The “effective potential” for the 4d electronin Rb or SrÑ is the result of a subtle
balancebetweenthenuclearattraction,therepulsionfrom thecoreelectronsandthecentrifugalterm.
Correctionsdueto correlationeffectscanthenhave largeeffects,andoften leadsto a significantcon-
tractionof thevalenceorbital [72]. For the4dstatesin Rb, this “Bruecknerorbital” (BO) modification
doubledthe C � \ ? E valuefor the valenceelectron,whereasthe increasefor the4d statesin Sr is only
about25%.Following the calculationof the hyperfinesplitting in the 4d$ L ; stateof SrÑ , it hasnow
beenfoundandmeasured[98, 99] - within thetheoreticaluncertainty. Theaccuratetheoreticalresults
canalso be usedto extract nuclearquadrupolemoments.A numberof additionalcalculationshave
beenperformedmorerecently[100, 101, 102].

4.2. Many-Body Effects and Nuclear Charge Distrib utions in Francium

Isotopeshifts have beenstudiedfor long chainsof isotopes,makingpossiblesystematicstudies
of isotopicdifferencesin nuclearchargedistributions.Early analysesof theexperimentalresultswere
basedon Hartree-Fock calculationsby Bauche[103, 104]. Many-body perturbationtheorywasfirst
appliedto thestudyof isotopeshift of Li, K [63], Ne [105], Na[65], He [106] andCa[107, 108].

After thedevelopmentof relativisticmethods,alsoheavier atomscouldbestudied,suchasYb [109],
Tl [110], andFr [111]. More recentlyDzubaet al [64] performedananalysisof the isotopeshiftsfor
alkali-like systems.

Wedescribeherebriefly theresultsfor the7sand7pstatesin Fr, asanillustrationof similaritiesand
differencesbetweenthe higher-ordercorrectionsfor hyperfinestructureandisotopeshifts.Francium
hasbeensuggestedasa candidatesystemto study isotope-dependentparity non-conservation [112]
Isotopeshiftsin therange; ��Ó Fr to ;�; Ò Fr weremeasuredin themid-eightiesat ISOLDE[113, 114] and
recentaccuratehyperfineanomalymeasurementsmaygivea handleon neutrondistributions[112].

Therelativistic coupledclustercalculations,[111, 115] includedpairexcitationsfrom coreorbitals
down to 5sandexcitationsup to

�©� R . Usingthesewavefunctionsto evaluatepropertiesgivesseveral
correctionsto theDirac-Focksingle-particlematrixelement.Someof themany-bodycorrectionsdiffer
betweenvariousoperators,dueto theirdifferentangularstructure[66, 111].

Theratiobetweenthefield shift constantandthehyperfinestructureof ansstatecanbechangedif
correctionsto thewavefunctionsaffect thetwo propertiesdifferently. TheDF ratio remainsunchanged
when Bruecknertype correctionsare added,sincetheseare in effect a modificationof the orbital.
For bothpropertiestheBruecknerorbital correctionsbring an increaseof 42%for the7sstatein Fr..
However, the screeningeffects (”RPA” type corrections)differ: The hyperfinestructureis sensitive
only to thespin densityat thenucleus,whereasthefield shift is representedby a scalaroperatorand
is sensitive to the total electrondensity. An all-ordertreatmentof thescreeningwasfoundto add9%
and3%,respectively to theBruecknerorbitalvaluefor thehyperfinestructureandfield shift constants
of the 7s state.The differentangularstructureof the operatorsalsomodifiesthedetailedcorrelation
effects,although,in general,theseareoftensmallerthantheBO corrections,in thecaseof Fr bringing
a reductionof about3%for bothoperators.

TheimperfectanalogybetweentheFSandhfs for s-statesillustratesthatdifferentoperators,with
differentangularstructures,probedifferentaspectsof theinteractionbetweenvalenceandcoreorbitals.
This is, of course,truealsoof nucleardensities,andit canthusnotbetakenfor grantedthatthenuclear
chargedistributiongivesanadequatedescriptionfor otherproperties.

The calculatedhyperfinestructure,A(7s)/gÊ = 10002MHz/ � 
 , giving K � ; I�I×Ö�Ø  = 8882MHz,
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slightly larger thantheexperimentalvalue8713.9(8)MHz,althoughstill within theerrorbarsarising
from theuncertaintyin thenuclearmagneticmoment,� � ; I�I×Ö	Ø  � 4 & SOS ��·� � 
 . Fromthecomparison
of the K -factors,we expect that the final field shift constant,xz� À 6�* ÀQÂ ? L ;  � * � 2O& S ¹mº¼» P Ë:Ì ;
(including the correction p to allow for highermoments),shouldhave an uncertaintyof about2%,
which dominatestheuncertaintyof the changes,�'C � ; E , in charge radii obtainedfrom optical isotope
shifts[113, 114].

More recentlyDzubaet al [64] performedan analysisof the IS for alkali-like systems,including
Fr. They includeda partial summationof three-particlecorrelationeffects,andobtaineda field shift
constantof xz� À 6Á* À�Â ? L ;  � * � 2O& ¶ ¹mº¼» P Ë:Ì ; , with anestimateduncertaintyof 1%.

Thesecalculatedfield shift constantslead to revised values,of �'C � ; E in Fr, slightly larger than
earlier tabulations.The resultsillustrate how atomic calculationsin combinationwith accurateex-
perimentscan provide information aboutotherproperties,including nuclearstructure.In the study
of highly chargedhydrogen-likesystems,moredetailedknowledgeof thenuclearcharge distribution
makespossiblemorestringentcomparisonsbetweentheoryandexperiment,for energiesandhyperfine
structure,discussedin thenext section.

4.3. Hyperfine Anomalies and the Bohr Weisskopf Effect, for ; � ? Tl and ; � $ Tl

The studyof highly ionizedsystemsshifts the focusto QED effects.For hydrogen-like systems,
no atomiccorrelationis present.However, in orderto provide anaccuratecomparisonwith calculated
radiativecorrections,it is importantthattheinfluenceof nuclearstructureis well understood.

Measurementsof hfs for highly-chargedhydrogen-likesystemshave beenreportedfor several
elements:IM� $ Ho����Ñ [116], IÙÒ $ ReÓ � Ñ [117], IHÒQÓ ReÓ � Ñ [117], ; ��Ó PbÒ=IMÑ [118], ; ��Ú Bi Ò ; Ñ [119] and; ��Ú Bi ÒQ��Ñ [120]. The results,in particularfor I#� $ Ho���×Ñ and IHÒ $QÛ IHÒQÓ ReÓ � Ñ , werefound to differ con-
siderablyfrom predictionsbasedon a single-nucleondescriptionfor the nuclearmagnetization[55,
121, 122]. For thecaseof Tl, which is closerto a double-magicnucleus,betteragreementshouldbe
expected.

However, without resortingto nucleartheory, the isotopicdifferencein hfs for the hydrogen-like
systemscanbepredictedby usinghyperfineanomaliesfor neutralTl [110,122], whichweremeasured
in theearlydaysof radiofrequency spectroscopy. For the6pIML ; groundstateof neutralTl, theanomaly
is ; � ? � ; � $ � * 2O& S N�Ð � N  � 2 S \ � [123]. Many-bodyeffectswerefoundto accountfor about9%of the
total6pI#L ; anomalyin neutralTl.

To estimatethesizeof the1sanomalyfor thehydrogen-likesystem,we recall thata one-electron
anomalydependson theangularmomentum,but is essentially9 -independent.The ratio betweenthe
Bohr-Weisskopfeffect for sI#L ; and p I#L ; orbitals is about3.3. The total anomalyis, however, also
affectedby the nuclearcharge distribution, which affects the orbitalscloseto the nucleus.The ratio
betweenthis “Breit-Rosenthal(-Crawford-Schawlow)” [57, 58, 59]) effect for sI#L ; andp IML ; orbitals
is slightly larger, 3.7.The ratio betweentheanomaliesfor sIML ; andp I#L ; thusdependson therelative
importanceof changesin thenuclearchargeandmagnetizationdistributions.

To find the importanceof changesin the charge distributions,calculationswere performedfor
orbitalsobtainedwith severaldifferentchoicesof theparameters,a and b , in theFermidistributionfor
thecharge distribution(1). Theorbitalsobtainedfor differentdistributionswerethenusedto evaluate
thehyperfineinteracation.The“Breit-Rosenthal”effectcanbeexpressedin termsof acorrectionfactor�32 * u=Ü�Ý  , which canbe parametrizedin termsof changesin the charge distribution, using

u=Ü�Ýq�*«Þ Z �'C � ;ß E (neglectingany changesin theskinthickness).For theinteractionwith anextendedmagnetic
dipolemoment,which giveslessweightthana point dipoleto theelectronorbital for very smallradii,
we obtainedthevalue Þ Z � * S & À ¶ � 2 S \ ? fm \ ; for the1sgroundstateof hydrogen-likeTl [4].

Muonic isotopeshiftsmeasurements[48] give �'C � ;ß E by assumingFermidistributionswith thesame
skinthickness,b . Theresultfor thedifferencebetween; � $ Tl and ; � $ Tl is �'C � ;ß E ��S &e2O2 R � N  fm ; , giving; � ? � ; � $ß � * S & ¶ · À � � N  � 2 S \ � for 1s in H-like Tl and ; � ? � ; � $ß � * S & � 4%R � Ð  � 2 S \ � for thesingle
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particleeffect of 6pIML ; in neutralTl. Therestof theanomalyis thenascribedto differencesin nuclear
magnetization.The theoreticalestimatesfor the ratio betweenthe effects for the 6pIML ; anomalyin
neutralTl and1s anomaliesfor hydrogen-likeTl can thenbe usedto estimatethe total anomalyin
hydrogenlikeTl.

Following theseconsiderations,thedatafrom the6pI#L ; groundstateof neutralTl yield anestimate
of * N & � 2�� R  � 2 S \ � for theanomalyof the1sgroundstateof hydrogen-likeTl, correspondingto an
energy differenceof N S & À 2 ��S &e2 Ð meV or a wavelengthdifferenceof N�Ð &e2 À ��S &e28· Å, in excellent
agreementwith theexperimentalvalue[4]. Theestimateddifferencein magnetizationradiusbecomes�'C � ;à E ��S & N ¶ �M28 fm ; , considerablylargerthanthechangein chargeradius.

5. Conc lusion

Thesearchfor atomicparity non-conservationstimulatedthedevelopmentof atomiccalculations.
Fundamentalproblemswereencounteredduringthedevelopment.Themethodsto treatpaircorrelation
in a relativistic framework have comea long way sincetheearlyefforts in mid-eighties.Thesedevel-
opmentsenabletheoriststo makeusefulpredictions,andto interpretexperimentalresultsfrom atomic
spectroscopyin termsof nuclearpropertiesor interactionparameters.However, the extractionof pa-
rametersis sometimeslimited by anincompleteunderstandingof thenuclearphysicsinvolved.Today
many of theresultsobtainedfrom a combinationof atomictheoryandexperimentdirectthechallenge
to nucleartheory. Thestudyof atomicphysicson theborderlineto nuclearandparticlephysicsbrings
togetherphysicistswith very differentbackgrounds,andis characterizedby many-body interactions,
bothon theparticleandpersonallevel.
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94.A.-M. Mårtensson-Pendrill,Journalof PhysicsB: Atomic, MolecularandOptical Physics35, 917

(2002).
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