The pendulum—Rich physics from a simple system
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We provide a comprehensive discussion of the corrections needed to accurately measure the
acceleration of gravity using a plane pendulum. A simple laboratory experiment is described in
which g was determined to four significant figures of accuracy.

I, INTRODUCTION

The simple pendulum is of historic and basic impor-
tance. Its approximate isochronism, discovered by Galileo,
makes it an accurate and simple timekeeper and, in the
hands of Newton, resulted in the first evidence that inertial
and gravitational masses are proportional. Until relatively
recently the plane pendulum provided the most accurate
and convenient method for measuring the local gravita-
tional acceleration. These acceleration measurements pro-
vided the earliest information on the shape and mass distri-
bution of the earth.'™

It is in the determination of the local gravity that the
pendulum is usually employed in the student laboratory.
One of the most interesting aspects of such a simple system
is the rich variety of physics involved when the ideal pendu-
lum is compared to a real experiment. It should be empha-
sized that as higher accuracy is demanded of an experi-
ment, the theoretical description of the apparatus must
become more realistic. In many cases the physics involved
in this more sophisticated picture is at least as, if not more,
interesting than the original idealized case. In this article
we illustrate the analysis with the results of an actual labo-
ratory experiment and describe the corrections necessary
to attain an accuracy of one part in 10 000 for the accelera-
tion of gravity.

I1. EXPERIMENTAL PROCEDURE AND RESULTS

For a point pendulum supported by a massless, inexten-
sible cord of length / the equation of motion for oscillations
in a vacuum is

@ + (g/Dsin =0, ¢))
where 8 = d6 /dt. For infinitesimal displacements we re-
place sin 8 by 6 and the motion is simple harmonic with
period

To=2m(l/8)"* = 2n/w,. (2)
If the cord length and the period are known, we can solve
for the acceleration of gravity

The fundamental experimental problem is then to measure
land T,

To attain a given precision in the acceleration of gravity,
one must know the required precision for the measure-
ments of length and time. The errorsin g resulting from an
error in / or in T, may be estimated from the relations o,

= (4r*/Ty})o, and o, = (8771 /T3)oy,, respectively.
The total error is the square root of the sum of the squares
of the individual errors. The period measurement is rela-
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tively easy since the result is cumulative. For a precision of
one part in 10%, with a pendulum 3 m long, the time for 100
oscillations must be measured to within 0.02 s. The limiting
measurement is the cord length. In order to achieve one
part in 10* precision a cord length of 3 m must be measured
to a precision of 0.3 mm, near the practical limit for the
student laboratory.

For our experiment we used the Leybold “ball with pen-
dulum suspension”® shown in Fig. 1. The pendylum ball
was 6.10 4 0.01 cm in diameter, having mass 856.7 4+ 0.1
g, and suspended by a fine, stranded steel wire. The pendu-
lum suspension consists of a small ring fit with a needle
facing inward that rests in a socket at the end of a screw
hook attached to the ceiling. The wire passes through a
hole in a small screw cap on top of the ball. The length of
the wire was measured in its static position with the aid of a
second wire trimmed until its ends were exactly flush with
the bottom of the ring and the top of the cap and then
measured to the nearest tenth of a millimeter using a pair of
2-m sticks placed end to end. The dimensions of the ball,
ring, and cap were measured with vernier calipers. The
total distance between the point of support and the center
of the ball was 3.0044 + 0.0003 m. The time for 100 oscilla-
tions was measured for ten trials using a handheld elec-
tronic stopwatch which provided digital readings to the

4 293.00 300.44
T +0.0f  £0.03

Fig. 1. Dimensions of the pendulum apparatus. Values are given in cm.
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Table 1. Measurements of pendulum period.

Trial ' Time for 100 oscillations Period

100 T T

(s) (s)
1 347.84 3.4784
2 347.87 3.4787
3 347.86 3.4786
4 347.91 3.4791
5 347.91 3.4791
6 347.94 3.4794
7 347.84 3.4784
8 347.81 3.4781
9 347.84 3.4784
10 347.98 3.4798

nearest hundredth of a second. The principal sources of
error were human reaction time and judgment of the in-
stant when the pendulum reached the end of its swing. The
measurements are recorded in Table I. The experimental
period for the ten trials is

T =3.478 80 4 0.000 17 s. (4)

If T were equal to T, the corresponding acceleration due to
gravity according to Eq. (3) would be

g = 9.8007 + 0.0014 m/s. (5)

However, once the length and period are measured, a large
number of corrections must be applied since any actual
pendulum deviates from the idealized assumptions under-

lying Eq. (3).

ITII. PENDULUM CORRECTIONS

If a given real pendulum results in a period of oscillation
T, we may write

T=T,+AT=Ty(l+AT/T,), (6)

where T, is the idealized period of Eq. (2). We may still use
Eq. (3) to compute g if we use the equivalent ideal pendu-
lum period from Eq. (6),

Ty=T— AT~T(1 — AT/T,). )

In applying Eq. (7), T'is the measured period and AT is the
theoretical correction relating the actual pendulum to the
ideal pendulum. There are many such corrections depend-
ing on the desired level of accuracy. The corrections for
finite amplitude and finite mass distribution are well
known and we shall consider them only briefly; the effects
of the air are not as well known and shall be discussed in
greater detail. It is also necessary to consider elastic correc-
tions due to wire stretching and motion of the support.

A. Finite amplitude correction

An exact analytic solution’ to Eq. (1) involves the Jaco-
bian elliptic sine function. The period may be expressed in
terms of the complete elliptic integral of the first kind.® For
small angular displacements Eq. (1) can alsobe solved by a
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perturbation expansion.’ The correction to the period is
® 1 \2
R ()
T() n=1 22"(71')2 2

1 4

=16 %t 3m 3072 %o+ ®
where 6, is the maximum angular displacement in radians.
For all of our measurements the amplitude was 3.0° 4- 0.3°,
which was measured with a large demonstration protrac-
tor. The effect of this correction is to make the ideal period
longer by AT = 596 us. In addition to lengthening the peri-
od, the finite pendulum displacement introduces an admix-
ture of higher harmonics which can be observed by a Four-

jer analysis of the time-dependent displacement.'®

B. Mass distribution corrections

A real pendulum bob has a finite size and the suspension
wire has a mass. In addition, as in our case, the wire con-
nections to the bob and the support may have some struc-
ture. All such effects are encompassed in the physical pen-
dulum equation

T=2m(I/Mgh)'?, €¢))

where I is the total moment of inertia about the axis of
rotation, M is the total mass, and 4 is the distance between
the axis and the center of mass.

1. Uniform spherical bob of radius a

For the bob I =ml?[1 + (2/5)(a/D)*], M=m and
h =1 Thus

AT /T,= (1/5)(a/D)% (10)

For a = 3.05 cm and / = 300.44 cm this correction leads to
AT = +T2ps.

2. Wire connections

In our case a small ring supported the pendulum at the
upper end. For the bob and ring /=ml/?>+ I, and
Mh = ml + m,d,, where m, is the mass of the ring, 7, is its
moment of inertia, and d, is the distance between the pivot
at the end of the needle and the center of the ring. Thus the
ring requires a correction

(12N (3

The values of m, and d, are 65.0 g and 0.65 cm, respective-
ly. Also, the ring has an inner radius 7, = 1.75 cm and an
outer radius 7,=2.40 cm, and so I, =m, [d2 +1(7
+7r3)] =171 g-cm® Therefore, Eq. (11) gives AT
= — 282 us.

A small cap attached the wire to the pendulum bob. The
cap requires a correction

AT/Ty= — (4)(m./m)(d. /D), (12)

where m, is the mass of the plastic cap, not including its
threaded screw, and d,, is the distance between its center of
mass and the center of the bob. For m, =4.4 g and d,
= 3.9 g we obtain AT = — 116 us. Similarly, the differ-
ence in densities between the aluminum screw and the steel
bob produces a mass deficit m, = — 6.1 g at a distance d,
= 2.3 cm and 1mp11es a correction AT = + 95 us.

(11)
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3. Mass and flexibility of wire

For the bob and wire of massm,,, I = (m + { m,, )/*and
Mh = (m + | m,,)}.. The period correction to first order in
the mass ratio m,,/m is

AT /To= — (1/12)(m,/m). (13)
Hence the finite mass of the wire reduces the period. To this
level of precision it does not matter whether the wire acts as
arigid rod or as a flexible string."*~'* For m,, = 1.367 gand
m = 856.7 g we obtain AT = — 463 us.

By an extension of the analysis of Ref. 11 we find that the
second-order correction for a flexible wire is AT /T, =

+ (71/1440) (m,,/m).? However, for arigid rod itis AT /
T, = (55/1440) (m,,/m)? by Eq. (9). Thus if the cord is
flexible the period is slightly greater than if it is rigid. In our

I
w2=%(1+_ll_+m,d,+ r )MIllz—g—[li(l—

1,

I, ml, mll, A

where !, = d, + r,is the distance between the pivot and the
edge of the ring and J, is the length of the pendulum wire.
Taking the negative sign for o~ and carefully expand-
ing the square root, we find that the correction to the period
is

E ) ) SN Y
()5 (%)

where / =/, + /,. The first two terms represent the mass
correction obtained above in Eq. (11). The third term is
the double pendulum correction. This term implies
AT = + 4.6 us, a negligible amount. However, note that

once again flexibility produces a positive correction, as in
the rotation of the bob and in the bending of the wire itself.

(15)

C. Air corrections

Normally a pendulum experiment will take place in air.
There are several ways in which the air changes the mea-
sured period.

1. Buoyancy

By Archimedes’s principle the apparent weight of the
bob is reduced by the weight of the displaced air. This prop-
erty has the effect of increasing the period since the effec-
tive gravity is decreased. The correction is

AT/To= (})(m,/m), (16)

where m, is the mass of the air displaced by the pendulum
bob. The atmospheric pressure was 100.44 kPa (753.4
mmHg) and the temperature was 25.5 °C; the molecular
weight of dry air is 0.02896 kg/mol. Thus the air density
was 1.171 kg/m>. The volume of the pendulum ball is 118.8
cm? (calculated) and the volume of the cap is 4.0 cm?® (by
displacement of water), so m, = 0.1438 g. Therefore
AT = 4292 us.
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case these terms give AT = + 0.44 and + 0.34 us, respec-
tively, and the difference is + 0.10 us.

For completeness we should comment that when a flexi-
ble string connects the various parts of the pendulum it is
possible that higher modes of motion of the system might
be important. For the bob, its rotation about the point of
contact with the wire will be most important.'* The effect
of this rotation correction is to multiply Eq. (10) by the
factor 1 + (2/5)(a/l), a negligible correction in most
cases since the correction of Eq. (10) itself is usually small.
For our experiment the rotation contribution is
AT = +0.29 pus.

The support ring and the pendulum bob also form a dou-
ble pendulum, which changes the ideal period slightly. By
the usual theory of small oscillations applied to the double
pendulum,’® the possible frequencies are given by

4L, /mLbL) [1+ (m,d,/ml))]

172
, (14
[1+ (/L) + (md./ml) + (I,/ml L) ] ) ] (4

I
2. Damping

The resistance of the air acts on both the pendulum ball
and the pendulum wire. It causes the amplitude to decrease
with time and increases the period of oscillation slightly.
The law of force on any component of the system is deter-
mined by the Reynolds number for that component, de-
fined as

R=pVL /y, (17)

where p and 7 are the fluid density and viscosity, V' is a
characteristic velocity, and L is a characteristic length. The
drag force is usually expressed in the form

F=Cpdpr, (18)

where the drag coefficient C,, is a dimensionless number
which is a function of the Reynolds number. For values of
R of the order 1 or less, the force is proportional to the
velocity and C,, is proportional to R ~'. For values of R of
the order 10° to 10° the force is proportional to the square
of the velocity and Cj, is a constant. In our experiment
p = 1.171 kg/m® and p = 1.853X 10~ Pa - 5. The diame-
ter of the wire was 0.320 4+ 0.002 mm. The maximum
Reynolds number based on diameter for the ball was 1100,
where the quadratic force law should apply, while the max-
imum value based on diameter for the wire was 6, where the
linear force law should prevail.

Since the damping force is neither linear nor quadratic,
but rather a combination of the two, it makes sense to es-
tablish a damping function which contains both effects si-
multaneously. We compute the decrease in amplitude in a
simple physical way using the work—energy theorem.'® The
work done by a damping force

F=bv| + a? (19)
acting on the center of mass over the first half-period is

"/ ®o

7/ Wo
W= — Fvdt = —J- (—bv+cv*)vdt. (20)
Q

0

Since W is much smaller than the pendulum energy we can
use

6 = 6, cos wyt (21)
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Fig. 2. Decay of amplitude with respect to time. The solid curve is given by
Eq. (25) with parameters given by Eqs. (28) and (29). The standard
error for a single measurement estimated from the residuals is 0.3°, in
agreement with the estimated uncertainty of the observations.

to compute the bob velocity and evaluate Eq. (20). The
result is

W) m(b /wo) (lw40,)% + 4 (¢/@,) (Iwgbo)’. (22)
By conservation of energy this work must equal the de-
crease in potential energy at the turning points

W= — APE~ — mglf,Af,,. (23)
The change in amplitude Ag, occurs in time 7/@, so we
obtain a differential equation

db, 2
= —af,— 693, (24)
dt 0 ﬁ [+]
which is directly integrated to give
0, = @by e~ /[ BOo (1 —e~*) +a], (25)

where 6, = 8,,, at ¢t = 0 and where the constants a and B
are given by

a=}(b/m) (26)
and
B =14 (wy/7)(cl/m). 27)

To test this damping formula we use the data shown in
Fig. 2. The initial amplitude was 6,,,, = 17.5 4+ 0.3°. Using
a nonlinear regression routine we vary the parameters o
and B to optimize the fit of the data. As seen by the solid
curve in Fig. 2, the fit is excellent and the fitted parameters
are

a=(2.49+0.11)x107*s? (28)
and
B=(3.17+003)x10"3s '.rad" . (29)

Later in this article we will interpret these parameters in
terms of the physical damping constants b and ¢ of Eq.
(19).

In order to determine the correction to the period we
must consider the differential equation of motion. Since

115 Am. J. Phys., Vol. 54, No. 2, February 1986

both damping forces are small we can take them as inde-
pendent perturbations.'’

For linear damping and small oscillations the equation
of motion is

0 +2a0 +w20=0, (30)

where a = b/2m. With initial conditions 6 = 6,,, and
8 = 0 at ¢t = O the solution is'®

6 =0, (w/w)e™* cos(wt — &)

= BGp,e” ¥ [cos wt + (a/w)sin wt ], (31)
where cos § = w/w, and
o = o[l — (a/w,)*]"2 (32)

The damping term 20 in Eq. (30) causes the amplitude to
decrease as

00=60me_a‘. (33)

This result follows from Eq. (25) for 8 = 0. There is also
an increase in period given by

AT /Ty = (})(a/we)> (34)

Using the experimental value of @ we obtain AT = 0.033
us, which is negligible.

Next consider quadratic damping. Unlike the case of lin-
ear damping, an exact solution is not possible. An addi-
tional complicating feature is that the equation of motion is
not even analytic since the sign of the force must be adjust-
ed each half-period to correspond to a retarding force. The
problem can be solved by means of a perturbation expan-
sion using the method of Lindstedt and Poincaré'>-%? as
applied to the associated analytic problem where the sign of
the force is not changed. In the constant sign case the first
half-period is damped and the second half-period is nega-
tively damped. The resulting motion is periodic so the
Lindstedt—Poincaré method can be used. Only the first
half-period corresponds to our damped pendulum prob-
lem, but the solution can be reapplied for subsequent half-
periods.

The equation of motion corresponding to damped mo-
tion for the first half-period is
6— €2+ 020=0, (35)
where € = ¢/ /m. We look for a periodic solution with peri-
od T = 27/w. The damping term introduces higher har-
monics into the solution and also changes the period in a
way that depends on the amplitude. We define a new inde-
pendent variable

¢ = ot (36)
and convert Eq. (35) into the form
00" — en*0"? +wi0=0, (37)

where 6 ‘= d6 /d$. We develop a perturbation expansion in
terms of the small dimensionless parameter e:

0=+ e+, +- -, (38a)

O =0+ €0, + Ewy+ - . (38b)
The correction to the period is obtained from the require-
ment that the solution must be periodic, i.e., that it does not
contain any secular terms which increase monotonically
with time.

Substituting Eqgs. (38) into Eq. (37), retaining terms
through order €7, and setting the factors of each power of €
equal to zero (since the equation must hold for any value of
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€), we obtain the following system of equations:

6 +¥%o=0, (39a)
2(@1/0)¥5 + ¥ + ¥ — ¥ =0, (39b)
[2(0,/00) + (@01/06)*18 + 2(@,/@0) P}

+ ¥ + 9,
— 2@ /0o )2 — 251, =0, (39¢)

We solve these equations recursively. The solution to Eq.
(39a) such that ¥y =6,and ¥, =0atd =0is

Yo = 6, cos @. (40)

Substituting Eq. (40) into Eq. (39b) and using the identity
sin® ¢ =} — } cos 2¢ we obtain

i’ + ¢1 = 2(‘01/600)00 COS¢
+465 —102 cos 24. (41)

The first term on the right introduces a term (w,/
w0)00¢ sin ¢ into the general solution. However, this latter
term is a secular term, i.e., it does not satisfy the condition
that the solution must be penodxc Therefore, we must have

= 0. (42)

The solution to Eq. (41) that satisfies the initial conditions
¥, =0and ¢; =0atg =0is then

¥1=(3)62(3 —4cos ¢ + cos 24). (43)

Hence at the end of the first half-cycle at ¢ = 7 the ampli-
tude is

6= — 6,[1— (4)eb,]- (44)

Since the perturbation method assumes that the motion
is periodic, it predicts that the pendulum would return to
its original amplitude 6, at the end of the second half-oscil-
lation. However, the only physically relevant solution cor-
responds to the interval 0<¢<#/w. During the next inter-
val 7/w<t<2w/o the damping force has the opposite sign
and so Eq. (35) does not apply. If we make the transforma-
tion @ — — 8 we can recover Eq. (35) and solve the prob-
lem for the new initial amplitude 8,. Thus at the end of the
second half-cycle the amplitude is

8,=6,[1— (4)eb]. (45)

The amplitude gradually decreases as expected. Since
the decrease in turning point A8 = 6, — |6,| occurs in time
At = m/wy we can convert Eq. (44) into a differential
equation which when integrated yields the amplitude as a
function of time

00= (1 +Be()mt)_100m’ (46)

This result follows from Eq. (25) in the limit &« — 0. Note
that at large times the falloff is only inversely proportional
to the time and not exponential as in Eq. (33), since the
damping force falls off more rapidly as a function of veloc-
ity.

To obtain the correction to the period we must proceed
to the second order and substitute Eqgs. (40), (42), and
(43) into Eq. (39¢). The condition that there must not be
any secular terms implies

Wy = — (%)000)0 (47)
Therefore, the correction to the period is
AT /T, = (3)€0% = (3/32) (7w B/0,)*0 §. (48)
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Using the experimental value of S8 we obtain AT = 0.027
us, which is negligible.

In addition to having a small direct effect on the period,
air resistance also has an indirect effect through the correc-
tion for finite amplitude. Suppose the amplitude decays
from its initial value 6, to the value 6,, during the time of
measurement Z,. Then the period at some intermediate
time is 7(¢) = To[1 + AT(¢)/T,] and the mean period
as determined by counting oscillations is T = T,(1

+ AT/T, ), Where the mean correction is given by
AT 1 (VAT dt =
T, it 5 T,

L f 6012 dr. (49)
tf (4]

The total accumulation of phase is ¢ =27 fdt/T(2)
~27t,/T and the number of oscillations is n=¢/
2mr~t,/T. Substituting Eq. (25) into Eq. (49) and carry-
ing out the integration, we obtain

AT 1 bos
= 1— Borm
T, 16p¢ Bom

_a g 1+B0%,/a ] (50a)
B 1+ B6,,/a
where
t;=(1/a) In [(1+a/BOy,)/(1 +a/BB,,)]. (50b)

By Eq. (25) 6, ; = 0.8696,,, after 100 oscillations in a time
of observation ¢, = 347.880 s for an initial amplitude 6;,,
= 3.0°. Therefore, AT = 519 us. The difference caused
by damping between this value and that calculated from
Eq. (8) assuming constant amplitude is — 77 s, which is
not negligible.

If we take the limit 8 — O by expanding the logarithm in
Eq. (50a) through terms of the second order, we obtain

2 02
BT _ 1 g2 g2y Om =00
T, 3, 32 In(65,,/6, )
(51)
in agreement with a formula derived by Jeffreys** for lin-
ear damping. By Eq. (33) 6,,=0.9176,,, and so AT

= 547 us. The effect caused by linear damping is thus
— 49 us. If instead we take the limit @ — O we obtain

AT 1

T, 168y

By Eq. (46) 6,, = 0.9456,,, and so AT =564 us. The
effect caused by quadratic damping is thus — 32 us. The
sum of the values for the two effects considered separately
is nearly equal to the exact value when both effects are
considered together.

~6,,) =—1—0°,,,90,. (52)

(Om

3. Added mass

As the bob’s motion varies during the pendulum cycle,
the motion of the air surrounding the bob also varies. The
kinetic energy of the system is thus partly that of the air.
The effective mass of the system therefore exceeds the bob
mass. The kinetic energy of the air can be taken into ac-
count by attributing an “added mass” m' to the bob’s iner-
tia (but not weight) proportional to the mass of the dis-
placed air’:

' =kKm,, (53)
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