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12 Fractals and fractal dimensions

A limit set is the state a dynamical system reaches after a long (infi-
nite) time. The limit set can be fixed points or non-local structures.
Some typical non-local limit sets in volume-conserving (V - f = 0
everywhere) systems (left) and dissipative systems (right) are:
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Volume-conserving systems do not have attractors, the initial condi-
tion determines which periodic orbit, chaotic trajectory, etc is chosen.

Dissipative chaotic systems may have a strange attractor, i.e. a min-
imal, attracting, invariant set that is aperiodic with chaotic dynamics.
Strange attractors show self-similar structure at arbitrary small scales.
It is common to quantify scale-invariant structures using some fractal
(non-integer) dimension D (for example D, below).

Example Successive zoom of particles on surface of turbulent flow:
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In general D must be calculated numerically. As seen in Lecture 11,
strange attractors form in a stretching+folding process and show small-
scale filamentary structure. A simple estimate of D of a strange at-
tractor is unity (for the dimension along the filaments) plus the fractal
dimension of the pattern on a cross section orthogonal to the filaments.
Some mathematical idealisations of such cross-section patterns (e.g.
Cantor sets) have analytical expressions for the fractal dimension.

12.1 Box-counting dimension

One way to define the fractal dimension D is the box-counting dimension.
[t describes how space-filling a fractal is.

12.1.1 Regular shapes

Consider three sets in d = 2 dimensions.
Cover space by d-dimensional boxes with side length e = 27%.
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Let Npox(€) = number of boxes with side length e required to cover
the set. Then

Npox(€) ~ Age P for small €

where Ay is some constant and Dy is the dimension of the object.
Equivalently

In Nyoy(€) ~ In Ag + DylIn(1/€)

In V —InA In V
= Dy = lim 1 Noox(€) — In 4o — Jim —bo®) bos(€) (1)
=0 In(1/e€) 0 In(1/€)

Dy is the box-counting dimension of a set.
For the three cases above Dy equals the dimensionality of the sets.

12.1.2 Example: Middle-third Cantor set

Construction by successive generations S,,:

[terate to get generation n. The Cantor set is the geometrical object
with generation n = co. The total length of generation n is (2/3)",
which goes to zero as n — oo, the set has zero (Lebesgue) measure.
At the same time, it is possible to show that the set consists of an
uncountably infinite amount of points (Strogatz 11.2).

Now calculate the box-counting dimension using boxes (sticks) of
length ¢, = 37" to cover the set.
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The number of boxes needed to cover the set is: Nyo(€,) = 2". The
box-counting dimension becomes

In Vpox . In2™ In2
Dozlimn b(e):hmn _ X

- — ~ (0.6309
—0 In(1/e) n—oo In3"  In3

The dimension lies somewhere between 0 and 1 (fatter than points,
thinner than a line). This result is independent of the choice of
gridding (¢ = 37"), other choices give the same dimension. A set
with non-integer dimension is called a fractal.  The cantor set is
self-similar: magnification of small pieces reproduce the original set
excatly. Fractals are scale-invariant: successive magnifications reveal
more and more structure that is statistically self-similar without res-
olution limit.

Fractals (but with some small-scale limit) are common in nature:
Brownian motion, particle aggregation, networks of rivers and tree
branches, coastlines, etc. and they are also common in scale-free net-
works: WWW, social networks, human brain, metabolic network, pro-
tein interaction network, etc. Fractals have applications in for example
data compression, pattern generation, and fractal antenna.
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12.1.3 Example: Koch curve

/\
A A

Length of curve: (4/3)" — oo as n — oo (infinite length between any
two points on curve).
Use sticks of length €, = 37" = Ny (€) = 4™. Dimension

In 47
Dy = lim —

n—00 111 n

=1In4/In3 ~ 1.2619

12.1.4 Asymmetric Cantor set

Construct Cantor set by removing second quarter (instead of mid
third)

Use ¢, = 47", From the symmetric Cantor set one could assume
Nyox(€,) = 3", BUT we need to iterate until largest connected inter-
val is smaller than €, = 47" (the set is defined as n — o0).

To show that Ny (€,) # 3", cover successive generations of the asym-
metric Cantor set.

Case n = 1:
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P— - : {N=3
= Nbox(e = 1/4) = 3.

Case n = 2:

e ———————+——+—+—iN=16
] | | | e N =12
P ] | | | ] | | N=9
P~ -] | | | ] | = |p=—af—]N=8

= Nyl = 1/4%) =8, i.e. Npu(e =1/4%) #£3"=0.
This is a new type of fractal: The asymmetric Cantor set is con-
structed from two relative length scales A\, = 1/4 and A\, = 1/2

Aa A

—— -

o

Let

Niox(€) = Na(€) + Ny(e)
N,(€) = Number of boxes of size € needed to cover A,
Ny(e) = Number of boxes of size € needed to cover A,

Self-similarity =

N<€/)‘a> - Na<€>
N(e/N) = Ni(e)

- “To cover strip A, with boxes of size € is like covering full unit interval
with boxes of size €/A,’
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Dy is defined as the scaling exponent N(e) = Ae 0. =

N(e) = N,(€) + Ny(e)

N N

AeDo N(e/A)  N(e/n)

= A = A(e/ M) + Ale/ )P
= 1= (1/A)"7 + (1))

= 1=N2+ N\

Here A, = 1/4 and \, = 1/2
1 — (1>D0+ <1)D0 ( 1 )2+ 1
a + 2 - 2D 2Dy
[Quadratic equation in z = 1/27°]

1L =155

2Do 2
In (—14—\/5)
Dy = — > 7 ~0.69
In2

c.f. the naive result In3/1n4 ~ 0.79.
Also c.f. symmetric middle-third case A, = Ay, = 1/3:

L= (1/3)% + (1/3)" = 2(1/3)"
~In(1/2) In2

D — _
TOTRAB) T 3

as before.

12.1.5 Numerical evaluation of D,

In order to numerically evaluate D, for a set of numerically evaluated
points on a fractal, it is not enough to simply evaluate Eq. (1) for a
small value of e:

e We do not know if we have enough points in our data to resolve
the chosen value of e.
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e Even if € is small, there is an unknown coefficient in the scaling

law:
Nyox(€) = (1/0/ ¢ Do
Unknown

= In Nyox(€) = In Ag + DoIn(1/€) — DylIn(1/€) as € — 0

The limit € — 0 is slow because of the logarithm. Since we do
not know beforehand how large Ay is, we do not know how small
e needs to be to be able to neglect the contribution In A,.

Instead, use slope of curve In Ny (€) against Ine (Ay drops out):

_ Aln Nbox(e)

DOZ

Alne

12.1.6 Additional comments
e Box-counting dimension quantifies how space-filling a fractal is

e Straightforward implementation, but limited by memory to store
number of visits to each box.

e A minimal cover is in general hard to find, but a uniform grid
gives the same dimension
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12.2 Generalized dimension sprectrum

The box-counting dimension weighs all boxes equal. This is fine for
ideal mathematical fractals (Cantor set, Koch curve, etc.). But many
strange attractors show fluctuations in the occupation number of the
boxes: often a small percentage of boxes are visited frequently, while
most boxes are only sparsely visited. Depending on our purpose we
may be interested in boxes where trajectories spend more or less time.
We therefore introduce a generalized dimension D, which weigh boxes
differently depending on how large fraction of points they contain.

Let Npome be a large number of points, ideally Ny — 00, on a
fractal set or fractal attractor. Label e-sized boxes that contain at
least one point by k = 1,..., Ny(€). Let Ni(e) be the number of
points in (point-containing) box k. Let py(€) = Ni(€)/Npoms be the
fraction of points in box k. Check normalisation:

Nbox 1 Nbox 1
Pr = N = ——Nyois = 1.
; Npoint ; Npoint b

Generalized dimension D, (Rényi dimension spectrum)

1 Inrl
D, = lim ——L (4,¢)
1 —qe0 In(1/€)

with a real parameter g and

Nbox

I(g,e) =) pile).

It is possible to show that D, is a non-growing function with g, i.e.
D,> D, it g < q'. Typical picture:
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The difference between D_,, and D, determines how large the vari-
ations of the fractal dimension are on the strange attractor.

o If D = D,,le aflat D, spectrum we have a monofractal.

e If D, is not constant with respect to ¢ we have a multifractal,
i.e. points are non-uniformly distributed on the fractal.

The significance of ¢ can be summarized as:

e If ¢ > 0 contributions to I(q,€) from regions of high density
on the attractor are amplified compared to low-density regions.
D, with large q therefore characterises clustering of high-density
regions.

e When g < 0 the opposite is true: low-density regions dominate
contributions to I(q, €) and D,

e When g = 0 density variations are neglected. In this limit we
recover the box-counting dimension (Eq. (1)):

1. InI(0,e . In (Zivii" Pk(€)°> - In(Vy )
Dy=-lim————= =lim = lim ——==>~,
10 In(1/e) =0 In(1/e) 0 In(1/€)

Monofractal Every point on attractor is equally likely = D, =
D, = const. Check:

L (S0 )

D —
l—qge0  In(1/e)

q

= | ‘Every point equally likely’ = pr~1 /Nbo% and foﬁ‘f‘ = Npox

if e—=0
_ 1 hm ln(Nbom(l/NbOX)q)
1 —qe0 In(1/e€)
1 In(N, 1 In(N,
— limM = lim 1 Noor) = Dy
1 —qe0 In(1/e) 0 In(1/e)

10
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12.3 Information dimension

Special case ¢ = 1 in Eq. (2):
limit. First expand In I(q, €) around g = 1

Nbox
InI(g,e) =In (Z pk>

kristian.gustafsson@physics.gu.se

Expression for D, diverges = take

[Use: pi =it = prexp((q — 1) Inpy) = pp(1 + (g — 1) Inpy) for ¢ = 1}

|

Nyox Npox
=In (Zpk +> pilg—1) lnpk)>
k=1 k=1

Nbox
Use norm: Zpk = 1 and expand In(1+ (¢ — 1)A) =~
k=1
Nbox
= (=1 _pelnp
k=1
We get
1 In(l
lim D, = lim lim n(llg,€))
g—1 g—1le=01 —q ln(l/ )
1 (qg— 1) 05 pel
— limlim (@ = 1) 2527 prIn i
¢—>1e>01 —q In(1/€)
~ lim ST pe Inpy
= lim :
e—0 111( )

D is referred to as the information dimension.

12.3.1 Shannon entropy

The quantity S = — kak(€> hlpk:(E) =
entropy.

11

(g —1)A for g ~ 1]

—(Inp(e)) is the Shannon
Given an experiment with r possible outcomes, with prob-
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abilities p1, D2, ..., Pry D_1—y Pr = 1, the Shannon entropy is

S=- Zpk In py ,
k=1

Simplest case: p; = 1 if k =7 and 0 otherwise = S = 0.

Case of maximum uncertainty: p, = 1/r = S =1Inr.

In general 0 < .S < Inr, the closer S is to Inr the more uncertain
the outcome of an experiment is. For the information dimension: r =
Nypox and S quantifies the amount of (Shannon) information needed
to describe the content of the boxes for a given accuracy e. The
information dimension tells how this amount of information scales
with resolution €, S(€) ~ —D;1Ine.

12.3.2 Kaplan-Yorke conjecture

It can be shown that almost generally the Lyapunov dimension Dy,
(Lecture 11) is equal to Dy in Eq. (2), Dy, = Dy (but it is possible to
construct counterexamples ).

12
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12.4 Correlation dimension

Special case ¢ = 2 is called the ‘correlation dimension’. Rewrite

Nbox Nbox Nk 2 Nbox
P P
:zpk:z( ) =5 2N
k=1 Npoint p01nt k=1
Nbox pomt .
1 if x, € k:th box
pomt ; Ny Z { 0 otherwise

Npox Npoint Npomt .
if ¢, &xp € kith box
Y S‘ S‘ { 0 otherwise

pomt k=1 B=1 a=1
[ and ﬁ runs over all particles = redundant to sum over boxes]

oint N oint .
pz pz 1 if x,&xs € same box
0 otherwise

pomt f=1 a=1

o1 N o1 . . . .
it it { if &swithin distance e from x,,

0 otherwise
pomt f=1 a=1

pomt Npomt

Z Z@e—\w — xg|)

po1nt f=1 a=1

This is the correlation sum. It describes the probability P(|a; — x| <
€) to find two points @&; and @, on the attractor within distance e.
The correlation dimension D¢ can be defined as
1 In(I(qg=2
pre L =20
1—2c0 In(1/e)
—m In (P(|x; — x2] < €)) - D,

e—0 Ine

i.e. D¢ is defined from the scaling P(|x; — @3] < €) ~ €P¢

N.B. D, is often easier to evaluate using the correlation sum than from

box-counting. It is also what you typically measure in experiments.
Similarly D,, with n = 2, 3,4, ... describes scaling of probability to

find n particles within separation e.
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