INTRODUCTION TO STRING THEORY

P. Di Vecchia

NORDITA, Blegdamsvej 17, DK-2100 Copenhagen Ø, Denmark

Chapter 1

Historical Introduction

After the formulation of quantum mechanics the quantization rules were also applied to the electromagnetic field and its interaction with electrons and positrons. After the elimination of the infinities through the renormalization procedure one could compute quantities as for instance the Lamb shift and the anomalous magnetic moment of the electron and muon obtaining results that are in very good agreement with the experimental data [1]. In order to give an idea of the spectacular agreement between theory and experiments we give here the number for the theoretical predictions and the experimental data for both the anomalous magnetic moment of the electron and the Lamb shift.

The interaction energy of an electron in an external magnetic field is given by E = − e 2mc g ⃗S · ⃗H (1.0.1) where g is the gyromagnetic ratio that is equal to g = 2 in the Dirac theory of the electron, but that gets modified from the quantum corrections in QED. If we write g as g = 2(1 + a_e) (1.0.2) the theoretical predictions for a_e up to four loops are

a^{T H}_e = α 2π − 0.328478445 ( α π )_2

+ 1.181241456 ( α π )_3

− 1.557(70) ( α π )_4

(1.0.3)

Using the value of the inverse of the fine structure constant: 1 α = 137.0359979(32) (1.0.4)

we get a^{T H}_e = 1159652201.2(2.1)(27.1)10^{−12} (1.0.5) to be compared with the experimental result:

a^{EX}_e = 1159652188.4(4.3)10^{−12} (1.0.6)

Concerning the Lamb shift the Dirac theory predicts that in the hydrogen atom the levels 2S_{1/2} and 2P_{1/2} have the same energy. The experiments give for the difference of energy between the two levels

(E_{2S1/2} − E_{2P1/2} )^{EX} = 1057.862 ± 0.020MHZ (1.0.7)

to be compared with the result of the theoretical calculations:

(E_{2S1/2} − E_{2P1/2} )^{T H} = 1057.864 ± 0.014MHZ (1.0.8)

The successful application of the quantization procedure to the electromagnetic phenomena open the way to apply them also to the strong interactions. Yukawa formulated the hypothesis that the pion, as the photon in QED, is the meson responsible for the interaction between protons and neutrons. However the use of a field theory for describing the interaction among hadrons met pretty soon serious problems:

1. Because of the strength of the strong coupling constant (pion-nucleon coupling constant) it was clear that perturbation theory, so successful in QED, would not work for strong interactions.

2. The experiments showed the existence of a big number of hadrons and if we associate an elementary field to each one of them we would obtain a very complicated theory.

Mainly because of these problems, in the sixties it was proposed to forget field theory and Lagrangians and to concentrate on the S-matrix elements that are the quantities that are directly observed in the experiments [2]. In field theory the fundamental objects are the fields and the Lagrangian describing their interaction. However what one observes in the experiments are particles and their S-matrix elements. The spectrum of particles and their interaction can be in principle computed from the original Lagrangian. However because of the problems 1. and 2. this may be very difficult.

It was therefore proposed to construct directly the S-matrix elements starting from a number of postulates, that they were supposed to satisfy. They were the following:

1. Invariance under the Poincaré group and under T, C and P.

2. Unitarity

3. Crossing Symmetry

4. Analyticity of first kind implying that a particle corresponds to a simple pole in the scattering amplitude, while two or many particle thresholds correspond to branch points.

5. Analyticity of second kind or Regge behaviour. This implies that at high energy (s → ∞) and small transverse momentum (t small) the scattering amplitude behaves as s^{α(t)}.

The physical S-matrix was supposed to satisfy the previous rules, but unlike field theory, where the S-matrix is constructed in a very clear way from the Lagrangian, no precise rule was given on how to implement its construction in the S-matrix theory. It was mentioned the principle of bootstrap, but the procedure for constructing the S-matrix remained always very vague.

The very great result of the S-matrix theory was the construction of a model for the process ππ → πω performed by Veneziano [3] in the attempt to implement the previous postulates of the S-matrix theory with an infinite number of narrow width resonances lying on linearly rising Regge trajectories.

The scattering amplitude for the process ππ → πω that Veneziano proposed is given by T (ππ → πω) = ϵ_{μνρσ} ϵ^μp^ν_1 p^ρ_2p^σ_3 A(s, t, u) (1.0.9)

where p_i are the momenta of the three pions, ϵ^μ is the polarization vector of the ω particle and A(s, t, u) = A(s, t) + A(s, u) + A(t, u) (1.0.10) with A(s, t) = Γ(1 − α_s)Γ(1 − α_t) Γ(2 − α_s − α_t)

(1.0.11)

s, t, u are the Mandelstam variables

s = −(p_1 + p_2)^2 , t = −(p_3 + p_2)^2 , u = −(p_1 + p_3)^2 and α_s = α_0 + α^′s (1.0.12)

is a linearly rising Regge trajectory. This feature is in very good agreement with the high energy data in a wide range of energies.

The scattering amplitude (1.0.9) provides a realization of the postulates of Smatrix theory with only one particle narrow width states. Only unitarity was not satisfied; it was supposed to be implemented only at a later stage.

Immediately after its discovery the Veneziano model was extended to the scattering of four scalar particles: A(s, t, u) = A(s, t) + A(s, u) + A(t, u) (1.0.13) with A(s, t) = Γ(−α_s)Γ(−α_t) Γ(−α_s − α_t)

(1.0.14) and later to the scattering of N external scalar particles [4] including also an internal flavour symmetry through the multiplication with Chan-Paton factors [5].

The enthusiasm for the construction of the dual resonance model, that reproduced many important features of hadron physics, led many people to believe that it was possible to construct the scattering amplitude for N pions incorporating current algebra with the right physical parameters. But unfortunately up to now only a partial success was obtained in this direction through the construction by Lovelace and Shapiro [6] of the ππ → ππ scattering amplitude. For the π^+π^+ elastic scattering they proposed:

A(π^+π^+ → π^+π^+) =

Γ(1 − α_s)Γ(1 − α_t) Γ(1 − α_s − α_t)

(1.0.15)

that has the good feature of incorporation the Adler zeroes if, in the chiral limit, the intercept of the ρ Regge trajectory is taken to be α_0 =^1_2 . This value is in good agreement with the experimental value. Another very interesting feature of (1.0.15) is the presence of ghosts if the space-time dimension D > 4 [7]. Although this model has interesting physical features, a realistic model for pions is still lacking because nobody has been able to extend it to an arbitrary number of external pions keeping α_0 =^1_2 . Actually an extension of (1.0.14) for an arbitrary number of external particles corresponds to the Neveu-Schwarz-Ramond model [8], that is consistent however only if α_0 = 1 and D = 10.

After few years of research in the dual resonance models essentially two models, i.e. the Veneziano model and the Neveu-Schwarz-Ramond model, were constructed, that although not quite matching the experimental data, presented a high degree of consistency deserving an intensive study.

In this investigation it was realized that a relativistic string [9] was the structure underlying the dual resonance model. This observation makes much easier today to teach the dual resonance models to those who did not partecipate in the early days of duality. In fact it is now possible to describe their properties starting from the fundamental string action.

After so many attempts toward more realistic models it became clear in the middle of the seventies that it would be very difficult to construct completely realistic models for the strong interacting particles.

The following diseases were present in the internally consistent models:

1. The lowest state of the spectrum was always a tachyon.

2. All kind of massless particles (photon, graviton etc.) were present in the spectrum. The only massless hadron expected in the chiral limit, the pion, was impossible to accommodate in the spectrum as already discussed.

3. It was impossible to quantize the various string models for values of the spacetime dimensions that are not the critical ones 26, 10, 2.^1

1An attempt to quantize the string for non critical values of the space-time dimension is due

These problems together with the discovery of pointlike structures in deep inelastic experiments giving a hard structure at large transverse momentum and with the proof of renormalizability of non abelian gauge theories made many people to go back to field theory and in particular to non abelian gauge theories and to try to use them for strong interactions. As a result of these attempts QCD was proposed in 1973, that has been up to now very successful in explaining the physics of strong interactions. In the subsequent years its perturbative and nonperturbative properties were studied. These results brought back people to field theory. In the beginning of the seventies pratically everybody went back to work in field theory by using it both for strong interactions, building up QCD, and for the weak and electromagnetic interactions, building up the Weinberg-Salam model. This brought to the formulation of the standard model of strong, electromagnetic and weak interactions, that is a gauge field theory based on the gauge group:

SU(3) ⊗ SU(2) ⊗ U(1) (1.0.16)

with coupling constants g_3, g_2 and g_1 respectively. It has been very successful in predicting the existence of neutral currents, of the W and Z gauge bosons, of jets etc.. All experiments performed up to an energy of about 210GeV at LEP are in perfect agreement with it. The success of the standard model shows that, at least up to an energy of 210GeV , the world is successfully described by a field theory. The introduction in the quantum theory of the Planck constant

h = 6.62510^{−27}erg · gr (1.0.17)

that appears in the De Broglie relation between the momentum and energy of a massless particle and the wave lenght and frequency of a wave p = h λ E = hν (1.0.18)

gives the possibility of relating, through the relation E = pc, lenghts with energies λ = hc E (1.0.19)

If we express energies E in eV and lenghts L in cm we get the relation L(cm) = 1.95 · 10^{−5}cm · eV E(eV ) (1.0.20)

Using the previous relation it is easy to check that an energy of 200GeV corresponds to a distance of about 10^{−16}cm = 10^{−3}F ermi. This means that we have checked the validity of field theory up to a distance of 10^{−3}F ermi. Remember that the dimension of a proton is of about 1F ermi corresponding to an energy of about 200MeV . In the standard model, if we neglect quark masses, there are two fundamental scales:

to Polyakov [10].

1. The QCD scale Λ ∼ 200MeV that corresponds to the dimension of the hadrons ∼ 1F ermi. 2. The Fermi scale given by the v.e.v. of the Higgs field

< Φ >∼ 246GeV (1.0.21)

This is both the scale in which the original group SU(2) ⊗ U(1) gets broken into the electromagnetic U(1) and the scale for which the elementary particles get a mass. For energies higher than the Fermi scale they can be treated as massless.

In conclusion the hadrons of QCD get a mass given by cΛ, while the particles of the standard model get a mass given by α < Φ >, where c and α are dimensionless constants.

In the meantime some dualists continued to work in the dual string models trying to eliminate the problems 1. , 2. and 3., persuaded that such a rich and interesting structure could be of physical relevance in some future.

In order to bypass problem 2. it was proposed in 1974 by Scherk and Schwarz [11] to use the dual models not as models for hadrons but as a unified theory for all interactions including gravity. In this case the Regge slope does not correspond anymore to the dimension of an hadron 10^{−13} cm; but it is related to the Planck mass being 10^{−33}cm. Then in order to get rid of problem (3) it was resurrected the old Kaluza-Klein mechanism [12].

Finally in 1976 Gliozzi, Olive and Scherk [13] proposed to consider a subsector of the Neveu-Schwarz-Ramond model, that is consistent by itself obtaining the first dual string model without a tachyon in the spectrum. The consistency and the supersymmetry properties of this submodel were shown only later by Green and Schwarz [14].

By the end of seventies it was clear that superstring was a consistent theory; it was not describing strong interactions, but rather a unified theory including gauge theories and the Einstein’s theory of general relativity.

But what about gravity from the field theory point of view? It was known that gravity is described by the Einstein’s theory of general relativity through the Einstein’s action S = c^3 16πG_N ∫ d^4x √ −gR (1.0.22)

G_N is the Newton constant equal to 6.67 · 10^{−8}cm^3gm^{−1}sec^{−2}. In the Newtonian limit the gravitational interaction between two particles with the same mass M is given by the Newton force: ⃗F = −GM^2 R^2 ⃗R R (1.0.23)

For small masses the gravitational interactions are weak. They become strong when the dimensionless constant becomes of the order 1:

G_N M^2 h̄c ∼ 1 → M_P = √ h̄c G_N = 1.22 · 10^{19}GeV (1.0.24)

This is happening when the two particles have a mass equal to the Planck mass M_P corresponding to the Planck lenght:

L_P = h̄ M_P c = 1.6 · 10^{−33}cm (1.0.25)

Gravitational interactions become relevant in subatomic physics for particles having a mass of the order of the Planck mass and having a dimension of the order of the Planck lenght.

Apart from the QCD scale we have therefore two scales, the Fermi scale corresponding to an energy of ∼ 10^3GeV and the Planck scale corresponding to an energy of ∼ 10^{19}GeV . What is happening in between? Do we have other scales? Is the region in between described by a quantum field theory?

Let us say what we know and what are our prejudices about what is going to happen at an energy higher than the Fermi scale. First of all, if field theory provides also a consistent description of gravity, we must be able to construct a quantum theory for gravity. But gravity has a dimensional constant, the Newton constant G_N , that has dimension of a [mass]^{−2}, as the Fermi constant G_F of weak interaction, and therefore exactly as the Fermi four-fermion theory of weak interaction is not renormalizable. In weak interactions the problem was solved by introducing the gauge bosons and later on also the Higgs field in order to arrive at a renormalizable theory. But, unlike the gauge interactions coupled to a charge, gravity couples to energy and although we introduce the gravitons we are not able to construct a renormalizable theory for gravity. But, if a theory is nonrenormalizable, we must introduce a cutoff Λ ∼ M_P at high energy and the theory can only be used for energy much smaller than the cutoff. When we reach the energy of the cutoff, new physics must show up. A theory with cutoff is only an effective theory valid for energy much smaller than the cutoff. In conclusion the first fact is that nobody has yet been able to construct a renormalizable field theory including gravity.

The second point is that by using the fact that coupling constants in a gauge theory run with the energy at which we perform our experiments, if we extrapolate the three couplings of the standard model using the low-energy particle spectrum, we see that they have the tendency of meeting together at an energy of about 10^{16}GeV . This brought Georgi and Glashow to construct a unified theory of the strong and electro-weak interaction with a single gauge coupling constant based on the gauge group SU(5). But, in order to break the original SU(5) symmetry, one must introduce additional Higgs fields that break the symmetry by acquiring a non-zero v.e.v < Φ >∼ M_{GU T} ∼ 10^{16}GeV . In such a theory or in any other grand-unified theory one has the scale of grand-unification as an intermediate scale between the Fermi scale and the Planck scale. In this way we have not explained the Planck scale at all. In addition we have introduced some other problems that are strongly related to each other. They are:

1. Hierarchy problem

Why do we have two scales so different as the Fermi and the grand-unification scale? Not to talk about the Planck scale that is even higher.

2. Naturalness problem

In the grand-unified theory we need two kinds of Higgs particles. The first kind are those that break the original grand-unified theory and get a mass of the order of the scale of grand-unification. In addition we need also other scalar Higgs particles, that remain massless after the breaking of grand unification and that break the symmetry of the standard model. But it is unnatural to have massless scalar particles in a theory with a grand-unified scale. Scalars are in this respect different from fermions because there is no symmetry protecting them from getting a mass.

3. Fine tuning problem

Theories with scalars have quadratic divergences and therefore at each order of perturbation theory, if we want them to be massless, we need a fine tuning.

One possible way out of these problems is to extend the standard model in the supersymmetric standard model by introducing a supersymmetric partner for each particle of the standard model. But, there is no evidence of it in the experiments and therefore it must be broken. One can see that the previous problems can be solved also in the case of broken supersymmetry provided that the scale of supersymmetry breaking is of the same order of the Fermi scale. In addition, in the minimal supersymmetric standard model the unification of the three gauge coupling can be made to happen at a single point. Therefore the new prediction is that we expect to find the supersymmetric particles in the near future at LEP 200 or at LHC. After that we have a desert up the scale of grand unification and after that we have also to explain gravity. We have introduced supersymmetric particles and another scale, but we have not learned anything about gravity.

The problems of quantum gravity are due to the short distance infinities that we have in most field theories and that are due to the pointlike structure of the fundamental constituents. This problem appears already in classical electromagnetism and is solved by introducing the classical electron radius:

e^2 r_0

= mc^2 =⇒ r_0 = e^2 mc^2 = α h̄ mc (1.0.26)

where α =^{e2}_{h̄c} is the fine structure constant.

We could therefore think of solving this problem by introducing a theory in which the fundamental objects are not pointlike, but have an extension. Is it possible to extend field theory to another theory that reduces to field theory in some limit? We could think for instance of having a theory with an additional dimensional parameter that acts as a cutoff, but it is not a cutoff because it has a physical meaning and when this cutoff goes to infinity we recover field theory. In this way we would have a theory that would extend field theory and at the same time we could hope in this theory to solve the problems of quantum gravity. We will see that a fundamental theory based on one-dimensional objects, called strings, is precisely a theory that is able to solve the short distance problems of gravity and at the same time to provide an extension of field theory by having a parameter, the string tension T that is an energy per unit lenght. When T → ∞, string theory reduces to field theory pretty much in the same way as quantum mechanics reduces to classical mechanics when h → 0 or as special relativity reduces to gallilean mechanics when c → ∞. There is strong evidence nowdays that the fundamental theory is not a pure string theory, but rather what is now called M-theory. Why should then we discuss string theory? As we will see later M-theory is not a clearly defined theory and it reduces to one of the consistent string theories in some limit. For this reason many of the quantities that one computes in M-theory are actually computed in string theory. Finally string theory is a non trivial extension of field theory that sometimes can be used to compute field theoretical quantities in a simpler way.

10 CHAPTER 1. HISTORICAL INTRODUCTION

Chapter 2

Free bosonic string

2.1 Spinless point particle

A spinless free point particle is described by the coordinates of its position x_μ(τ ) in Minkowski space and by an action that is proportional to the length of its world line: S = −mc ∫ √ −dx_μdx^μ = −mc ∫ dτ √ −ẋ^2 (2.1.1)

τ is an arbitrary parameter describing the motion of the particle. It does not have any physical meaning since S is invariant under an arbitrary reparametrization τ → f(τ ) . The identification of τ with some physical parameter corresponds to a gauge choice. A possible and often used gauge corresponds to taking τ proportional to the time: τ ∼ x^0 ≡ ct. In this gauge the action (2.1.1) becomes: S = −mc^2 ∫ dt √ 1 − ⃗v^2 c^2 ⃗v = d⃗x dt (2.1.2)

Since we have treated the time component of x^μ(τ ) differently from the space components the action (2.1.2) is not anymore manifestly Lorentz covariant.

In order to keep the manifest Lorentz covariance of the original theory one can choose the proper time gauge characterized by ẋ^2 = −1 or one can work directly with the gauge invariant action (2.1.1).

Starting from (2.1.1) one can compute the momentum of the particle:

p_μ = ∂L ∂ẋ^μ = mcẋ_μ √ −ẋ^2 (2.1.3)

that implies the following primary constraint:

p^2 + m^2c^2 = 0 (2.1.4) corresponding to the mass-shell condition for the particle.

Because of the reparametrization invariance the canonical Hamiltonian is identically vanishing and therefore, following the Dirac procedure of quantization of a system with constraints, the Hamiltonian of our particle is given by: H = − 1 2 e(τ )(p^2 + m^2c^2) (2.1.5)

where e(τ ) is an arbitrary function of τ , that reflects the reparametrization invariance of (2.1.1). A choice of e(τ ) corresponds to a gauge choice in the Hamiltonian formalism. For instance in the proper time gauge e(τ ) = 1.

The theory is quantized by requiring the following commutation relations:

[x^μ(τ ), p^ν (τ )] = ih̄g^{μν} (2.1.6)

Using them it is easy to see that H generates the equation of motion for our dynamical variable x^μ(τ ) and p^μ(τ ). A realization of (2.1.6 ) is obtained by choosing p_μ = −ih̄ ∂ ∂x^μ (2.1.7)

acting on the wave function Φ(x^μ).

In the quantum theory the constraint (2.1.4 ) becomes a condition defining the physical states:

(−∂^μ∂_μ + m^2c^2 h̄^2

)Φ(x) = 0 (2.1.8)

that is the Klein-Gordon equation valid for a scalar particle.

In conclusion we have shown that the quantization of the system described by eq. (2.1.1) reproduces the well known Klein-Gordon theory for a scalar particle.

The previous formulation works only for a massive particle. In the case of a massless particle we have to modify the action (2.1.1).

By introducing the additional dynamical variable e(τ ) we can rewrite eq. (2.1.1) as follows [15]: S = ∫ dτ [ − 1 2 ẋ^2 e + 1 2 m^2c^2e ] (2.1.9)

Eq. (2.1.1) follows from eq. (2.1.9) if we write the algebraic equation of motion for e(τ ): ẋ^2 = −m^2c^2e^2 (2.1.10)

and if we insert it in eq. (2.1.9) after having chosen the negative root e = − √ −ẋ^2/(mc). Therefore action (2.1.9) is completely equivalent to the original action (2.1.1). Notice that, using the momentum of the particle p_μ = −ẋ_μ/e obtained from eq. (2.1.9) in (2.1.10), one reproduces the mass shell condition (2.1.4).

The Hamiltonian corresponding to the action (2.1.9) can be easily computed. One gets: H = − e 2 (p^2 + m^2c^2) (2.1.11) that is identical to (2.1.5) provided that one identifies the two functions e(τ ) appearing in the two equations. Again the appearance of the arbitrary function e(τ ) corresponds to the reparametrization invariance of (2.1.9 ) under the following transformations:

δx^μ(τ ) = ϵ(τ )ẋ^μ(τ ) δe(τ ) = ϵ̇(τ )e(τ ) + ϵ(τ )ė(τ ) (2.1.12) The proper time gauge corresponds to the choice e(τ ) = 1.

The action in eq. (2.1.9) allows us to describe also massless particles for which the ”cosmological term” in eq. (2.1.9) vanishes. In this case one gets: S = − 1 2 ∫ dτ ẋ^2 e (2.1.13)

and it is not possible to eliminate e(τ ) from S. The quantization proceeds as explained in the case of action (2.1.1) and the equation of motion for e(τ ) [eq. (2.1.10)] becomes a constraint that must be imposed on the physical states giving the Klein-Gordon equation.

2.2 String action and elementary considerations

We have seen in the previous section that the basic structure used to construct an action for a spinless point particle is the infinitesimal line element dx^μ. If we consider a one dimensional extended object as a string the natural generalization of the line element is the infinitesimal area element

dσ_{μν} = dx_μ ∧ dx_ν (2.2.1)

Choosing a system of coordinates one can write dσ_{μν} as follows: dσ_{μν} = ∂x_μ ∂ζ^α ∂x_ν ∂ζ^β dζ^α ∧ dζ^β = ∂x_μ ∂ζ^α ∂x_ν ∂ζ^β ϵ^{αβ}dσdτ (2.2.2) where x_μ(σ, τ ) are the coordinates of the world sheet of a string described by the variables σ and τ with ζ^0 = τ and ζ^1 = σ. ϵ^{αβ} is an antisymmetric tensor with ϵ^{01} = 1.

Proceeding in analogy with the point particle we can use the area element (2.2.1) to write an action for a string, that is proportional to the area spanned by the string S ∼ ∫ √ −dσ_{μν} dσ^{μν} (2.2.3) Inserting eq. (2.2.2) in (2.2.3) and fixing the proportionality constant one gets the Nambu-Goto action [16]. S = −cT ∫_{τf} τ_i dτ ∫_π 0 dσ √ (ẋ · x^′)^2 − ẋ^2x^{′2} (2.2.4) where ẋ^μ ≡ ∂x^μ ∂τ x^{′μ} ≡ ∂x^μ ∂σ (2.2.5)

and T is the string tension, that replaces the mass appearing in the case of a point particle. In going from eq.(2.2.3) to eq.(2.2.4) we have used the relation: ϵ^{αβ}ϵ^{γδ} = η^{αδ}η^{βγ} − η^{αγ}η^{βδ} (2.2.6) where η^{αβ} is the flat world sheet metric chosen to be −η_{00} = η_{11} = 1.

It is convenient to use the variable σ in the interval 0 ≤ σ ≤ π. In the case of a closed string we must impose the periodicity condition x^μ(τ, 0) = x^μ(τ, π) while in the case of an open string the points σ = 0 and σ = π parametrize the two end points of the string.

The previous action can also be expressed in terms of the world sheet induced metric: g_{αβ} = ∂x^μ ∂ζ^α ∂x_μ ∂ζ^β (2.2.7)

One gets S = −cT ∫ dτ ∫ dσ √ − det(g_{αβ}) (2.2.8)

The variables ζ^α are arbitrary variables that parametrize the world sheet of a string. We can choose another set of variables δζ^α = ϵ^α(ζ^α) without changing the physics of the system. This is reflected in the fact that the action (2.2.4) is invariant under the following transformation:

δx^μ = ϵ^α(ζ)∂_αx^μ (2.2.9)

where ϵ(ζ) are arbitrary infinitesimal functions of ζ^α.

The classical equations of motion of the string can be obtained by imposing the least action principle that requires:

δS = 0 (2.2.10)

for those variations such that δx^μ(τ_i) = δx^μ(τ_f ) = 0. Starting from eq. (2.2.4) after a partial integration we get: δS = ∫_{τf} τ_i [∫_π 0 dσ ( − ∂ ∂τ ∂L ∂ẋ^μ − ∂ ∂σ ∂L ∂x^{′μ} ) δx^μ + ∂L ∂x^{′μ} δx^μ|^{σ=π}_{σ=0} ] = 0 (2.2.11)

Since δx^μ is arbitrary from eq. (2.2.10) the Euler-Lagrange equation follows ∂ ∂τ ∂L ∂ẋ^μ + ∂ ∂σ ∂L ∂x^{′μ} ≡ ∂ ∂ζ^α ∂L ∂(^{∂xμ}_{∂ζα} ) = 0 (2.2.12)

The surface terms appearing in eq. (2.2.11) vanish if ∂L ∂x^{′μ} = 0 or δx_μ = 0 at σ = 0, π (2.2.13)

for an open string and if x^μ(τ, 0) = x^μ(τ, π) (2.2.14) in the case of a closed string. In the case of an open string the first kind of boundary condition in eq.(2.2.13) correspond to Neumann boundary condition, while the second one to Dirichlet boundary conditions. In the following we will consider only the Neumann ones because they are preserving Poincare invariance. We will come back to the Dirichlet ones when we will be considering D-branes.

¿From eq. (2.2.4) it is easy to compute: ∂L ∂ẋ^μ ≡ P_μ = cT ẋ_μx^{′2} − x^′_μ(ẋ · x^′) √ (ẋ · x^′)^2 − ẋ^2x^{′2}

(2.2.15) and ∂L ∂x^{′μ} = cT x^′_μẋ^2 − ẋ_μ(ẋ · x^′) √ (ẋ · x^′)^2 − ẋ^2x^{′2}

(2.2.16)

The relativistic invariance of the string action (2.2.4) implies that the four momentum: p_μ = ∫_π 0 dσP_μ(τ, σ) (2.2.17)

and the angular momentum M_{μν} = ∫_π 0 dσ(x_μP_ν − x_ν P_μ) (2.2.18)

are constant of motion ṗ_μ = Ṁ_{μν} = 0 (2.2.19) as a consequence of the eqs. of motion of the string.

Squaring eq. (2.2.16) we get the following constraint ( ∂L ∂x^{′μ} )_2

+ c^2T^2ẋ^2 = 0 (2.2.20)

implying, because of the boundary condition (2.2.13), that the end points of an open string move with the speed of light.

As in the case of a point particle we get in the Hamiltonian formalism two primary constraints between the dynamical variables, that can be obtained by squaring (2.2.15) and by multiplying (2.2.15) with x^′_μ. They are given by:

c^2T^2x^{′2} + P^2 = x^′ · P = 0 (2.2.21)

We could proceed to quantize the string as we have sketched in the case of a point particle using the Dirac procedure of quantization of a system with constraints. It is however for many respects more convenient to rewrite the action (2.2.4) in a form, that is quadratic in the string variable x^μ. This will be done in the next section.

In the last part of this section we study some simple motion of a string. Let us choose the orthonormal gauge specified by the conditions:

ẋ^2 + x^{′2} = ẋ · x^′ = 0 (2.2.22)

In this gauge eqs. (2.2.15) and (2.2.16) become: P_μ = cT ẋ_μ ∂L ∂x^{′μ} = −cT x^′_μ (2.2.23)

and therefore the eq. of motion in eq.(2.2.12) becomes:

ẍ_μ − x^{′′}_μ = 0 (2.2.24)

while the boundary condition in eq.(2.2.13) becomes:

x^′_μ(σ = 0, π) = 0 (2.2.25)

Let us consider now some simple motion consisting of a straight open string of length 2a rigidly rotating around its center in the plane x_1x_2. The coordinates of the string are given by:

x_1 = a cos σ cos τ x_2 = a cos σ sin τ

x_3 = 0 x^0 ≡ ct = aτ (2.2.26) where r = acosσ is the coordinate along the string that varies in the interval −a ≤ r ≤ a . The end points of the string move with the speed of light since: ( dx_1 dt )_2 + ( dx_2 dt )_2 = c^2r^2 a^2

= c^2 if r^2 = a^2 (2.2.27)

It is easy to check that (2.2.26) satisfy the equation of motion in eq.(2.2.24), the boundary conditions in eq.(2.2.25) and also the orthonormal gauge conditions in eq.(2.2.22). In conclusion the motions described by (2.2.26) are allowed motions of a string. The total momentum of the string is obtained from eq.(2.2.17). For the particular solution in eq.(2.2.26) one obtains:

p^μ = ∫_π 0 dσcT ẋ^μ = cT aπδ_{μ0} (2.2.28) Since we are in the c.o.m. frame the total three-momentum is zero, while from the energy of the string we can compute the mass m ≡ p^0 c = T aπ (2.2.29)

On the other hand the angular momentum of a rigidly rotating string has a non vanishing component only in the direction orthogonal to the plane in which the string rotates. It is given by:

J_{12} = ∫_π 0 dσ (x_1P_2 − x_2P_1) = πcT a^2/2 (2.2.30)

implying the following relation between mass and angular momentum:

J = α^′h̄(mc^2)^2 (2.2.31)

with T = 1 2πα^′h̄c^3 (2.2.32)

The previous two relations, that have been deduced for a particular set of motions of the string, are actually valid in general implying that the states of a string lie on linearly rising Regge trajectories. Eq. (2.2.32) gives the relation between the string tension and the Regge slope.

Another interesting feature of a string is that, if we put a charge g at one end point and we compute the gyromagnetic ratio G we find the result that G = 2. The string has therefore no anomalous magnetic moment. This property will be now checked for a rigidly rotating string, that generates a current given by: j = g c 2πa (2.2.33)

corresponding to a dipole magnetic moment μ = j c A (2.2.34)

where A = πa^2 is the area spanned by the string. Inserting (2.2.33) in (2.2.34) one obtains μ = g 2mc GJ = ga/2 (2.2.35)

Using the expressions for the mass and the angular momentum in eqs.(2.2.29) and (2.2.30) for J and m we get the final result:

G = 2 (2.2.36)

This result, explicitly shown for some particular motion, holds in fact for an arbitrary motion of the string.

Finally in the last part of this section we want to show the following relation between the slopes of open and closed string: α^′_{cl} = 1 2 α^′_{op} (2.2.37)

Using the argument already used for an open string it is easy to show that an allowed motion for a closed string is the one consisting of two straight open strings attached at the end points and rotating together around this common center.

Since the energy density for such closed string is twice the one of an open string, its squared mass will be four times the one of an open string:

m^2_{closed} = 4m^2_{open} (2.2.38)

On the other hand its angular momentum is only twice of that of an open string: J_{closed} = 2J_{open} (2.2.39) Combining eqs. (2.2.38) (2.2.39) with eq. (2.2.31) we get eq. (2.2.37).

2.3 Classical theory in the conformal gauge

In many considerations instead of the Nambu-Goto action (2.2.4) it is more convenient to use an action for the string that is quadratic in the coordinate x^μ(σ, τ ). This alternative action that is the generalization to the string of eq. (2.1.13) for a point particle is given by [17]: S(x^μ, g_{αβ} ) = − T 2 ∫ dτ ∫_π 0 dσ √ −gg^{αβ} ∂_αx^μ∂_β x^ν η_{μν} (2.3.1)

where η^{μν} = (1, 1...1, −1) is the D-dimensional metric [μ, ν = 1, 2, ...D], T = 1/(2πα^′)^1, g = det(g_{αβ}), and g_{αβ} is the world sheet metric tensor.

Viewed as a two dimensional field theory the action in eq. (2.3.1) describes the interaction of a set of D massless fields with an external gravitational field. In this case the D-dimensional Lorentz index plays the role of a flavour index.

Tha action in eq. (2.3.1) is invariant under an arbitrary reparametrization of the coordinates of the world sheet of the string. They act in the following way on the variables x^μ and g_{αβ} :

δx^μ = ϵ^α∂_αx^μ δg_{αβ} = ϵ^γ ∂_γ g_{αβ} + ∂_aϵ^γ g_{γβ} + ∂_β ϵ^γg_{αγ} (2.3.2)

The equivalence of (2.3.1) with the Nambu-Goto action can be immediately seen by writing down the algebraic equations of motion for g_{αβ} . They imply the vanishing of the two dimensional energy-momentum tensor θ_{αβ} = ∂_αx · ∂_β x − 1 2 g_{αβ}g^{γδ}∂_γ x · ∂_δx = 0 (2.3.3)

1In the following we will use units where h̄ = c = 1

that is a consequence of the fact that, because of the reparametrization invariance, there is no physical degree of freedom in the two dimensional space of the world sheet of the string. In deriving eq.(2.3.3) we have used the relation: 1 √ −g δ √ −g δg^{αβ} = − 1 2 g_{αβ} (2.3.4)

¿From eq. (2.3.3) it follows

det(∂_αx · ∂_β x) = g 4 [ g^{γδ}∂_γ x · ∂_δx ]_2

(2.3.5)

that, when inserted in eq. (2.3.1), reproduces the Nambu-Goto action (2.2.4).

In conclusion the two classical actions (2.2.4) and (2.3.1) are completely equivalent. The action (2.3.1) has the big advantage of being quadratic in the ”matter field” x^μ and therefore the functional integration over x^μ in the quantum theory can be easily performed.

It must be stressed here, that although the action (2.3.1) describes a string moving in a D-dimensional Minkowski space, it can also be viewed as a two dimensional general invariant theory and therefore all the machinery of two dimensional field theories can be used in the string theories.

In particular, because of reparametrization invariance, it is convenient to choose the conformal gauge where

g_{αβ} = ρ(ζ)η_{αβ} η_{11} = −η_{00} = 1 (2.3.6)

In this gauge the vanishing of the two dimensional energy-momentum tensor (2.3.3) implies the conditions:

ẋ · x^′ = ẋ^2 + x^{′2} = 0 (2.3.7)

that correspond to the choice of an orthonormal system of coordinates in the world sheet of the string. For this reason the conformal gauge has been also called the orthonormal gauge.

In this gauge the Lagrangian in eq. (2.3.1) becomes a ”conformal invariant theory”^2: L = − T 2 ∂_αx · ∂^αx (2.3.8)

and the equation of motion (2.2.12) becomes ( ∂^2 ∂σ^2 − ∂^2 ∂τ^2 ) x^μ(σ, τ ) = 0 (2.3.9)

2In the following, when not explicitly mentioned, we will be using units where α^′ = 1/2 and T = 1/π.

The boundary conditions (2.2.13) reduce to ∂ ∂σ x^μ(τ, σ)|_{σ=0,π} = 0 (2.3.10)

for an open string, while for a closed string we must impose the periodicity condition

x^μ(τ, 0) = x^μ(τ, π) (2.3.11)

The most general solution of the eq. of motion and of the boundary conditions can be written as follows:

x^μ(τ, σ) = q^μ + 2α^′p^μτ + i √ 2α^′ ∞∑ n=1 [a^μ_ne^{−inτ} − a^{+μ}_n e^{inτ} ] cosnσ √ n (2.3.12)

for an open string and

x^μ(τ, σ) = q^μ + 2α^′p^μτ + i 2 √ 2α^′ ∞∑ n=1 [a^μ_ne^{−2in(τ +σ)} − a^{+μ}_n e^{2in(τ +σ)}] 1 √ n +

+ i 2 √ 2α^′ ∞∑ n=1 [ā^μ_ne^{−2in(τ −σ)} − ā^{+μ}_n e^{2in(τ −σ)}] 1 √ n (2.3.13)

for a closed string.

The choice of the conformal gauge does not fix uniquely the gauge; we can still perform gauge transformations that leave in the conformal gauge. They are the conformal transformations characterized by a parameter ϵ^α(σ, τ ) in eq. (2.3.2) satisfying the conditions

∂^αϵ^β + ∂^βϵ^α − η_{αβ} ∂^γϵ_γ = 0 (2.3.14)

They are more transparent if we introduce light-cone coordinates:

ζ^± = ζ^0 ± ζ^1 , ϵ^± = ϵ^0 ± ϵ^1 , ∂ ∂ζ^± = 1 2 ( ∂ ∂ζ^0 ± ∂ ∂ζ^1 ) (2.3.15)

In terms of those variables the conditions (2.3.14) reduce to ∂ ∂ζ^− ϵ^+ = ∂ ∂ζ^+ ϵ^− = 0 (2.3.16)

In conclusion the transformations that leave in the conformal gauge are characterized by two arbitrary functions ϵ^+(ζ^+) and ϵ^−(ζ^−), that transform the variables ζ^± as follows:

δζ^+ = ϵ^+(ζ^+) δζ^− = ϵ^−(ζ^−) (2.3.17) In the case of an open string we must impose additional restrictions on these functions. In fact in this case we have parametrized the end points of the string with the values σ = 0, π and it is convenient to require that this parametrization is not changed by a reparametrization. ¿From eq. (2.3.17) it follows that: δσ = 1 2 [ϵ^+(τ + σ) − ϵ^−(τ − σ)] (2.3.18)

and we require that δσ|_{σ=0,π} = 0. This implies that the two functions ϵ^+ and ϵ^− are restricted by

ϵ^+(τ ) = ϵ^−(τ ) ≡ ϵ(τ ) ϵ(τ − π) = ϵ(τ + π) (2.3.19)

The generators of the conformal transformations that leave unchanged the parametrization of the end points of the string can be written in terms of the two independent components of θ_{αβ}:

L_ϵ = 1 8α^′π ∫_π 0 dσ [ (ẋ + x^′)^2(τ + σ)ϵ(τ + σ) + (ẋ − x^′)^2(τ − σ)ϵ(τ − σ) ] (2.3.20)

(ẋ ± x^′)^2 are only functions of τ ± σ respectively as follows from the eq. of motion (2.3.9), that implies: ( ∂ ∂τ + ∂ ∂σ ) (ẋ − x^′)^2 = ( ∂ ∂τ − ∂ ∂σ ) (ẋ + x^′)^2 = 0 (2.3.21)

They express the conservation of the two dimensional energy-momentum tensor, and they imply that L_ϵ is independent of τ . As it will be shown in Section (2.5) the previous equations hold in any two dimensional conformal invariant theory.

Using the explicit solution (2.3.12) it is easy to see that:

(ẋ + x^′)^2(τ, σ) = (ẋ − x^′)^2(τ, −σ) (2.3.22)

We can therefore rewrite (2.3.20) in more compact form:

L_ϵ = 1 8α^′π ∫_π −π dσ(ẋ + x^′)^2(τ + σ)ϵ(τ + σ) (2.3.23)

Finally, because of the symmetry between τ and σ, we can integrate over τ instead of σ and put σ = 0. In so doing we get:

L_ϵ = 1 8α^′π ∫_π −π dτ ẋ^2(τ )ϵ(τ ) (2.3.24)

where we have used the boundary conditions (2.3.10).

Using the explicit expression for ẋ^μ in terms of the oscillators

ẋ^μ(τ, 0) = 2α^′p^μ + √ 2α^′ ∞∑ m=1 √ m[a^μ_me^{−imτ} + a^{+μ}_m e^{imτ} ] (2.3.25) and choosing ϵ(τ ) = e^{inτ} we get from eq. (2.3.24):

L_n = 1 2 ∞∑ m=−∞ α_{n−m} · α_m (2.3.26)

where

α^μ_n = √ na^μ_n if n > 0 p^μ if n = 0 √ na^{+μ}_n if n < 0 (2.3.27)

Finally introducing the variable z = e^{iτ} we can rewrite eq. (2.3.24) in the final form:

L_n = 1 2πi ∮ dzz^{n+1} − 1 4α^′ ( ∂x^μ ∂z )_2 (2.3.28)

In the string theory the conformal invariance is not a classification symmetry as isospin or the Poincarè group. It is instead a residual gauge invariance corresponding to the reparametrizations that leave in the conformal gauge. It is a situation rather similar to a gauge field theory when one chooses the temporal or the Lorentz gauge. In this cases in fact the gauge is not completely fixed; one can still perform gauge transformations staying in those gauges and the generators of this residual invariance are identically vanishing.

The same is true in the case of the string in the conformal gauge, where in fact, because of the conditions (2.3.7), the generators of the conformal transformations (2.3.20) are identically vanishing implying that

L_n = 0 (2.3.29)

for any integer n.

The previous considerations can be extended to the closed string, where the generators of the conformal transformations are characterized by two independent functions ϵ^+(τ + σ) ≡ ϵ(τ + σ) and ϵ^−(τ − σ) ≡ ϵ̄(τ − σ) and they are given by

L_ϵ = 1 16α^′π ∫_π 0 dσ(ẋ + x^′)^2(τ + σ)ϵ(τ + σ) (2.3.30) and L̄_{ϵ̄} = 1 16α^′π ∫_π 0 dσ(ẋ − x^′)^2(τ − σ)ϵ̄(τ − σ) (2.3.31)

Introducing the two variables

z = e^{2iζ+} z̄ = e^{2iζ−} (2.3.32)

and using the relations

(ẋ + x^′)^2 = −16z^2 ( ∂x ∂z )_2

(ẋ − x^′)^2 = −16z̄^2 ( ∂x ∂z̄ )_2

(2.3.33) we can rewrite eqs. (2.3.30) and (2.3.31) in the following way:

L_n = 1 2πi ∮ dzz^{n+1} − 1 α^′ ( ∂x^μ ∂z )_2 (2.3.34)

L̄_n = 1 2πi ∮ dz̄z̄^{n+1} − 1 α^′ ( ∂x^μ ∂z̄ )_2 (2.3.35)

where we have chosen ϵ(τ + σ) = z^n and ϵ̄(τ − σ) = z̄^n. In terms of the harmonic oscillators introduced in eq. (2.3.13) we get

L_n = 1 2 ∞∑ m=−∞ α_m · α_{n−m} ; L̄_n = 1 2 ∞∑ m=−∞ ᾱ_m · ᾱ_{n−m} (2.3.36)

where for the non zero modes we have used the convention in (2.3.27), while the zero mode is given by:

α^μ_0 = ᾱ^μ_0 = √ 2α^′ p^μ 2 (2.3.37)

Notice the different overall factors in the brackets (2.3.28) and (2.3.34) and (2.3.35) related to a different normalization used for the coordinate x^μ for the open and closed string. We would have found the same normalization if we had chosen for the closed string the variable σ to vary in the interval 0 ≤ σ ≤ 2π. This is a more natural choice since a closed string can always be thought as two open strings attached at the end points.

Finally also for a closed string the conformal generators are vanishing quantities:

L_n = L̄_n = 0 (2.3.38)

for any integer n.

2.4 Quantization in the light-cone gauge

In the previous section we have seen that the choice of the conformal gauge does not fix uniquely the gauge. We can in fact still perform conformal transformations and stay in the conformal gauge.

One way of quantizing the theory is to first fix completely the gauge in the classical theory and then quantize only the independent left over physical degrees of freedom.

A very convenient way of fixing completely the gauge is by choosing the lightcone gauge characterized by the condition:

x^+ = 2α^′p^+τ (2.4.1) where

x^± = x^D ± x^{D−1} √ 2 x_± = x_D ± x_{D−1} √ 2 (2.4.2)

The lightcone coordinates with upper and lower indices are related through the relations: x_+ = −x^−, x_− = −x^+. In terms of the lightcone coordinates the scalar product of two vectors can be written as:

A_μB^μ = A_iB^i − A^+B^− − A^−B^+ (2.4.3)

Although very similar to the gauge choice in the fourth eq.(2.2.26), (2.4.1) has the advantage of allowing also the elimination of the degrees of freedom corresponding to x^− as we will see later on. This is a possible gauge choice inside the conformal gauge as we show in the case of a closed string.This follows from the fact that the most general solution of the equation of motion (2.3.9) and of the boundary condition (2.3.11) is given by:

x^μ = ϕ^μ(τ + σ) + ϕ̄^μ(τ − σ) + 2α^′p^μτ (2.4.4)

and that under a conformal transformation x^μ transforms as follows:

δx^μ = ϵ^+(τ + σ) ∂ ∂ζ^+ x^μ + ϵ^−(τ − σ) ∂ ∂ζ^− x^μ (2.4.5)

where ϕ^μ(τ + σ), ϕ̄^μ(τ − σ) and ϵ^±(τ ± σ) are all periodic function with period equal to 2π.

Therefore by performing a suitable conformal transformation with periodic functions ϵ^±(τ ± σ) we can bring one component of x^μ(τ, σ) [say the component x^+ ] in a form where ϕ^± = 0, that is in fact the form proposed in eq. (2.4.1).

In the case of an open string the two functions appearing in (2.4.4) and (2.4.5) are not independent. They are both periodic with period equal to 2π and they must be identified: ϕ(τ ) = ϕ̄(τ ) and ϵ^+(τ ) = ϵ^−(τ ). Therefore the gauge (2.4.1) can also be chosen for an open string.

In the light-cone gauge the only independent degrees of freedom are the transverse ones. The longitudinal and scalar ones can be in fact expressed in terms of the transverse ones.

This follows from the constraints in eq.(2.3.7), that with the choice (2.4.1) allow one to fix x^− as a function of the transverse components x^i[i = 1, ...D − 2], that are orthogonal to both ± directions.

We get

ẋ^− = 1 2p^+

(ẋ^2_i + x^{′2}_i ) x^{′−} = 1 p^+ ẋ_i · x^′_i (2.4.6)

that up to a constant of integration determine completely x^− as a function of x^i.

Since the Hamiltonian of a system is the conjugate variable to the evolution parameter, in the light-cone gauge, where the evolution parameter τ is proportional to x^+, the Hamiltonian density will be proportional to P^−. More precisely we get: H = −i ∂ ∂τ = (−i)p^+ ∂ ∂x^+ = p^+P^− (2.4.7)

¿From (2.3.8) we get: P^− = ẋ^− π (2.4.8)

and therefore, using eqs.(2.4.7) and (2.4.8), the Hamiltonian of the string in the light-cone gauge is given by: H ≡ p^+ ∫_π 0 dσP^− = p^+p^− = 1 2π ∫_π 0 dσ[ẋ^2_i + x^{′2}_i ] (2.4.9)

where we have used the first equation in (2.4.6).

It can be obtained from the following action: S = T 2 ∫ dτ ∫_π 0 dση^{αβ}∂_αx^i∂_βx^i (2.4.10)

that is identical to the action of the string in the conformal gauge (2.3.8) restricted to the transverse degrees freedom.

Using the gauge choice (2.4.1) in the most general solution (2.3.12) and (2.3.13) and remembering (2.3.27) we get that

α^+_n = 0 n ≠ 0 (2.4.11)

for an open string and

α^+_n = ᾱ^+_n = 0 n ≠ 0 (2.4.12)

in the case of a closed string.

On the other hand eqs. (2.4.6) determine the oscillators α^−_n in terms of the transverse ones.

We get α^−_n = 1 2p^+ ∞∑ m=−∞ α^i_{n−m}α^i_m n ≠ 0 (2.4.13)

in the case of an open string and

α^−_n = 1 2p^+ ∞∑ m=−∞ α^i_{n−m}α^i_m

ᾱ^−_n = 1 2p^+ ∞∑ m=−∞ ᾱ^i_{n−m}ᾱ^i_m (2.4.14)

for a closed string.

It is straightforward to see that eqs. (2.4.13) and (2.4.14) can also be obtained by inserting (2.4.4) and (2.4.12) in (2.3.29) and (2.3.38) for n ≠ 0. Finally the equations (2.3.29) and (2.3.38) for n = 0 will determine p^− as a function of p^+ and of the transverse degrees of freedom given by eq. (2.4.9). For a closed string one gets an extra condition that will be discussed later.

In conclusion in the light-cone gauge the only independent degrees of freedom are the transverse oscillators supplemented by the zero modes p^μ and q^μ.

The open string can therefore be quantized by imposing the following commutation relations:

[α^i_n, α^j_m] = nδ^{ij}δ_{n+m,0} [q^μ, p^ν ] = ig^{μν} (2.4.15)

In the case of a closed string we must add the commutation relations for the oscillators ᾱ^i_n:

[ᾱ^i_n, ᾱ^j_m] = nδ^{ij}δ_{n+m,0} (2.4.16)

The previous commutation relations for the transverse degrees of freedom can be obtained starting from the action (2.4.10) and applying the standard quantization procedure. This will be done explicitly when we will discuss the covariant quantization in Section 2.6) and therefore is not repeated here.

The spectrum of the open string can be computed from the Hamiltonian (2.4.9), that in terms of the oscillators is given by

p^+p^− = 1 2 p^ip^i + ∞∑ n=1 na^{+i}_n a^i_n + c (2.4.17)

where we have added an arbitrary constant to take into account of the arbitrariness in the ordering of the harmonic oscillators.

In the usual harmonic oscillator the constant c is given by the zero point energy. Here in the string theory the zero point energy is formally infinite being equal to D − 2 2 ∞∑ n=1 n (2.4.18)

and it must be regularized.

Brink and Nielsen [19] have shown how to obtain a finite expression from (2.4.18). Here we use another regularization scheme proposed by Gliozzi [20] called ζ-function regularization, that amounts to replace (2.4.18) with D − 2 2 lim_{s→−1} ∞∑ n=1 n^{−s} = D − 2 2 lim_{s→−1} ζ_R(s) (2.4.19)

where ζ_R(s) is the Riemann ζ-function, that is an analytic function for s = −1 and its value is given by ζ_R(−1) = −1/12. Inserting this value in eq. (2.4.19) we get the following expression for the zero point energy: c = − D − 2 24 (2.4.20)

and therefore we can rewrite eq. (2.4.17) in the following form:

α(M^2) = ∞∑ n=1 na^{+i}_n a^i_n (2.4.21) where α(M^2) = α_0 + α^′M^2 (2.4.22)

with α_0 = D − 2 24 M^2 = −p^2 (2.4.23)

Another way to obtain (2.4.21) is to use in eq. (2.3.29) for n = 0 the gauge choice (2.4.11) written in terms of the oscillators allowing for a constant c as done in (2.4.17). We get

L_0 = p^2 2 + ∞∑ n=1 na^{+i}_n a^i_n = −c (2.4.24)

that coincides with eq. (2.4.17).

We have quantized the open string in the light-cone gauge loosing the manifest Lorentz invariance of the original action (2.3.1).

We must therefore check that the quantization procedure preserves the Lorentz invariance of the original theory by constructing the Lorentz generators and show that they satisfy the Lorentz algebra.

A natural expression for them is given by: J^{ij} = ℓ^{ij} − i ∞∑ n=1 1 n (α^i_{−n}α^j_n − α^j_{−n}α^i_n) J^{+−} = ℓ^{+−} J^{i+} = ℓ^{i+} J^{i−} = ℓ^{i−} − i ∞∑ n=1 1 n (α^i_{−n}α^−_n − α^−_nα^i_n) (2.4.25)

where ℓ^{μν} = q^μp^ν − q^ν p^μ (2.4.26)

and α^−_n is given by eq. (2.4.13):

It can be shown that the operators in (2.4.25) satisfy the Lorentz algebra only if: c = −1 D = 26 (2.4.27)

Therefore only for those values of c and D we have succeeded in preserving the Lorentz invariance in the quantum theory.

Inserting (2.4.27) in (2.4.21) we get the final expression for the masses of the string states

α^′M^2 = ∞∑ n=1 na^{+i}_n a^i_n − 1 = N − 1 (2.4.28)

The lowest state is given by the vacuum |0 > that corresponds to a tachyon with M^2 = −^1_{α′} . The next level, corresponding M^2 = 0, is given by the state a^+_{1;i}|0 >, that describes the transverse components of a massless spin 1 particle (”photon”). At the level N = 2 we find the two states:

a^+_{1;i}a^+_{1;j} |0 > a^+_{2;i}|0 > (2.4.29) that describe a massive spin 2 particle with M^2 =^1_{α′} .

Because of Lorentz invariance in the center of mass frame the states of various levels must be classified according to the representations of SO(D − 1).

The number of states appearing at the level N = 2 can be obtained from eq. (2.4.29) and it is given by

(D − 2)(D − 1) 2 + D − 2 =

(D − 2)(D + 1) 2 (2.4.30)

It is nice to see that it coincides with the number of components of a spin 2 in SO(D − 1) given by^{D(D−1)}_2 − 1.

The degeneracy of states at an arbitrary level N can be obtained from the partition function: G(w) = 1 w [f(w)]^{2−D} f(w) = ∞∏ n=1 (1 − w^n) (2.4.31)

that is obtained from: G(w) = T r ( w^( ∑_∞ n=1 na^{+i}_n a^i_n−1) ) (2.4.32)

where the term −1 comes again from the zero point energy.

¿From (2.4.32) it follows that, if we fix the level N, the degeneracy T_d(N) of states at the level is the coefficient of the power w^{N −1} in the expansion of (2.4.31) in power series around w = 0: G(w) = 1 w ∞∑ N =0

T_d(N)w^N (2.4.33)

where d = D − 2.

The function G(w) is well known to the mathematicians, who called it ”partitio numerorum”.

The degeneracy of states at the level N can be obtained from (2.4.33) and it is given by: T_d(N) = 1 2πi ∮ dww^{−N −1}[f(w)]^d (2.4.34)

Since T_d(N) has the following asymptotic behaviour for N → ∞ T_d(N) ∼ 1 √ 2 ( d 24 )_{d+1/2} N^{−( d+34 )}e^{2π} √_{dN6} (2.4.35)

one is led to a density of states per unit of mass given by:

N(M) ∼ AM^{−B}e^{β0M} (2.4.36) where B = d + 1 2 β_0 = 2π √ dα^′ 6 (2.4.37)

and we have used N ∼ α^′M^2.

The exponential increase of the density of states in eq. (2.4.36) implies the existence of a limiting temperature if we consider the partition function of an ensemble of resonances: Z(T ) = ∫_∞ 0 dMN(M)e^{− MT} (2.4.38) It is a well defined quantity only if the temperature is smaller than a limiting temperature T_0 = 1/β_0.

Since the string describes the hadronic phase, T_0 corresponds to the temperature in which the constituents of the hadrons get liberated.

In the quantum theory of a closed string we can proceed analogously as in the case of an open string and get the spectrum from the conditions (2.3.38) for n = 0, that imply L_0 − 1 = L̄_0 − 1 = 0 (2.4.39)

where the arbitrary constant c and the space-time dimension D have been chosen as for the open string in order to have a Lorentz invariant theory.

Summing the expressions in (2.4.39) after having written them in terms of the oscillators we get: 2 + 1 4 M^2 = ∞∑ n=1 n[a^{+i}_n a^i_n + ā^{+i}_n ā^i_n] (2.4.40)

while if we subtract them we get: N = ∞∑ n=1 na^{+i}_n a^i_n = N̄ = ∞∑ n=1 nā^{+i}_n ā^i_n (2.4.41)

Taking into account that α_c^′ ≡ α^′/2 we can rewrite the equations (2.4.40) and (2.4.41) characterizing the spectrum of a closed string in the following final form

α_c^′M^2 = N + N̄ − 2 (2.4.42) and N = N̄ (2.4.43)

The lowest state of the spectrum is a tachyon with mass M^2 = −2/α_c^′ described by the vacuum |0 >.

The first excited level containing massless states is described by the states:

a^+_{1;i}ā^+_{1;j}|0 > (2.4.44)

The symmetric and traceless state corresponds to the graviton, the trace of (2.4.44) corresponds to a dilaton and finally the antisymmetric state describes an antisymmetric tensor.

In general the degeneracy at an arbitrary level can be obtained from the ”partition function”:

F (ρ) = 1 2π ∫_{2π} 0 dθ 1 |z|^2 ∞∏ n=1 [ 1 |1 − z^n|^2 ]_{D−2} (2.4.45)

where z = ρe^{iθ} .

Notice that the integration over θ allows one to take into account of the condition (2.4.43).

2.5 Conformal invariant theories

In Section (2.3) we have seen that a string in the conformal gauge is described by a two-dimensional ”free massless bosonic theory”, that is conformal invariant.

In this section we want to give a general treatment of a conformal invariant theory in two dimensions, that will be very useful for the covariant quantization of the bosonic string described in Section (2.6) and that is also so general that it would also be applied to more complicated string theories.

A two dimensional conformal invariant quantum field theory is characterized by the existence of a conserved symmetric and traceless energy-momentum tensor:

∂_αθ^{αβ} = θ^α = 0 θ^{αβ} = θ^{βα} (2.5.1)

Since it is symmetric and traceless, it has only two independent components. If we use light-cone coordinates:

A^± = A^0 ± A^1 ζ^± = ζ^0 ± ζ^1 (2.5.2)

the two independent components are

θ^{++} = θ^{0+1,0+1} = 2(θ^{01} + θ^{00}) , θ^{−−} = θ^{0−1,0−1} = 2(θ^{00} − θ^{01}) (2.5.3)

while θ^{+−} = θ^{−+} = 0 (2.5.4)

The conservation equation (2.5.1) implies the two equations for θ^{++} and θ^{−−}: ∂ ∂ζ^+ θ^{++} = ∂ ∂ζ^− θ^{−−} = 0 (2.5.5)

As a consequence θ^{++}(ζ^−)[θ^{−−}(ζ^+)] is only a function of ζ^−[ζ^+]. Equations (2.5.1) imply that ∂ ∂ζ^β [ϵ_αθ_{αβ}] = 0 (2.5.6)

2.5. CONFORMAL INVARIANT THEORIES 31

if ϵ_α satisfies the condition (2.3.14) characterizing a conformal transformation. Because of (2.5.6) we can construct the following constants of motion:

L_ϵ = ∫ dσϵ^αθ_{α0} (2.5.7)

depending on a function ϵ^α satisfying eq. (2.3.14). In terms of the light-cone variables (2.5.7) becomes:

L_ϵ = 1 4 ∫ dσ[ϵ^+(ζ^+)θ^{−−}(ζ^+) + ϵ^−(ζ^−)θ^{++}(ζ^−)] (2.5.8)

where we have chosen σ to vary in the interval 0 ≤ σ ≤ π and therefore the various functions appearing in (2.5.8) are periodic functions of period π. It is convenient in many cases as for instance in string theories to introduce the new variables:

z = e^{2iζ+} z̄ = e^{2iζ−} ζ^± = τ ± σ (2.5.9)

related to the original ones by a conformal transformation. In euclidean space where τ → iτ z̄ becomes the complex conjugate of z.

A conformal or primary field Φ(z, z̄) in the notation of Ref. [21] is defined as an object that transforms in the following way under a finite conformal transformation:

Φ(z, z̄) → ( ∂w ∂z )_Δ ( ∂w̄ ∂z̄ )¯_Δ

Φ(w, w̄) (2.5.10)

where w = w(z) and w̄ = w̄(z̄). (2.5.10) implies the infinitesimal transformations: δΦ(z, z̄) = [ϵ(z) ∂ ∂z + Δϵ^′(z)]Φ(z, z̄) + [ϵ̄(z̄) ∂ ∂z̄ + Δ̄ϵ̄^′(z̄)]Φ(z, z̄) (2.5.11)

where w(z) = z+ϵ(z) and w̄(z̄) = z̄+ϵ̄(z̄), with ϵ(z) and ϵ̄(z̄) infinitesimal quantities.

The parameters Δ and Δ̄ are the left and right conformal dimensions of Φ(z, z̄). Since there is a complete symmetry between left and right variable and transformations, for the sake of simplicity we will omit in the following the dependence on the variable z̄.

It is very useful to rewrite the transformation (2.5.11) in terms of the operator product expansion (OPE) of the energy momentum tensor with Φ(z, z̄). First of all it is easy to rewrite the first term of (2.5.8) in terms of the variable (2.5.9):

L_n = 1 2πi ∮ dzz^{n+1}T (z) (2.5.12)

where ϵ^+(τ +σ) = z^{n+1}, θ^{−−}(τ +σ) ≡^2_π z^2T (z) and the integral is performed around the origin.

Let us then introduce the notion of radially ordered OPE between two fields in euclidean space:

R (A(z)B(ζ)) = A(z)B(ζ) if |z| > |ζ| ±B(ζ)A(z) if |z| < |ζ| (2.5.13)

where the minus sign must be chosen only if both fields are fermions.

The OPE between a primary field and the energy-momentum tensor T (z) is given by:

R(T (z)Φ(ζ)) = ∂/∂ζΦ(ζ) z − ζ + Δ Φ(ζ) (z − ζ)^2

+ · · · (2.5.14)

It is in fact easy to prove that it implies the transformation (2.5.11). Since

δΦ ≡ [L_ϵ, Φ(ζ)] (2.5.15)

we can rewrite L_ϵ as in (2.5.12) with ϵ(z) = z^{n+1} and get:

δΦ = 1 2πi (∮ |z|>|ζ| dzϵ(z)T (z)Φ(ζ) − ∮ |z|<|ζ| dzϵ(z)Φ(ζ)T (z) ) =

= 1 2πi ∮ ζ dzϵ(z)R(T (z)Φ(ζ)) = ϵ(ζ) ∂ ∂ζ Φ(ζ) + Δϵ^′(ζ)Φ(ζ) (2.5.16)

where the integral has been performed in the complex z plane around the point ζ and we have used eq. (2.5.14).

In conclusion we have shown that the singular terms in the OPE (2.5.14) between T (z) and a primary field Φ(ζ) are completely fixed by the conformal invariance of the theory.

The energy-momentum tensor is also a primary field with conformal dimension Δ = 2 implying the following OPE: R(T (z)T (ζ)) = ∂/∂ζT (ζ) z − ζ + 2 T (ζ) (z − ζ)^2 + c/2 (z − ζ)^4

+ · · · (2.5.17)

The last term in (2.5.17) containing an arbitrary parameter c is allowed for a primary field with conformal dimension Δ = 2 being consistent with closure of the conformal algebra.

¿From eqs. (2.5.16) and (2.5.17) we get: δT (ζ) = ∮ ζ dzϵ(z) [ ∂/∂ζT (ζ) z − ζ + 2 T (ζ) (z − ζ)^2 + c/2 (z − ζ)^4 ] (2.5.18)

Performing the integral we get [L_ϵ, T (ζ)] ≡ δT (ζ) = [ϵ(ζ) ∂ ∂ζ + 2ϵ^′(ζ)]T (ζ) + c 12 ϵ^{′′′}(ζ) (2.5.19) that implies the Virasoro algebra:

[L_n, L_m] = (n − m)L_{n+m} + c 12 n(n^2 − 1)δ_{n+m;0} (2.5.20)

containing an arbitrary parameter c that depends on the particular conformal theory that we consider.

As an explicit application of the previous considerations let us consider a free massless bosonic theory described by the following action: S = − 1 2π ∫ dτ ∫_π 0 dσ∂_αΦ∂^αΦ (2.5.21)

The two independent components of the energy-momentum tensor are:

θ^{++} = 1 2π : (Φ̇ − Φ^′)^2 : θ^{−−} = 1 2π : (Φ̇ + Φ^′)^2 : (2.5.22)

and therefore T (z) = − 1 2 : ( ∂Φ ∂z )_2

: (2.5.23)

The propagator of the field Φ can be easily computed and it is given by:

< Φ(z, z̄)Φ(ζ, ζ̄) >= − log[(z − ζ)(z̄ − ζ̄)] (2.5.24)

Neglecting the dependence on the variables z̄ and ζ̄ and using the contractions: < Φ(z)Φ(ζ) >= − 1 2 log(z − ζ) < Φ(z) ∂ ∂ζ Φ(ζ) >= 1 2(z − ζ) (2.5.25)

it is easy to check that ∂Φ(z) is a primary field with dimension Δ = 1 by computing its OPE with (2.5.23) and the the c-number in the Virasoro algebra has the value c = 1.

2.6 Old covariant quantization

In this section we want to quantize the string in the conformal gauge obtaining a quantum theory that is manifestly Lorentz covariant.

The starting point is the Lagrangian (2.3.8), from which we can compute the four-momentum density: P_μ(τ, σ) = ∂L ∂ẋ^μ = 1 2πα^′ ẋ_μ (2.6.1)

The theory is then quantized by requiring the canonical commutation relations:

[x^μ(τ, σ), P^ν (τ, σ^′)] = ig^{μν} δ(σ − σ^′) (2.6.2)

Inserting the expansion (2.3.12) in (2.6.2) we see that (2.6.2) is satisfied if the oscillators and the center of mass variables satisfy the following commutation relations:

[a_{n,μ}, a^+_{m,ν} ] = g^{μν} δ_{nm} (2.6.3)

[q^μ, p^ν ] = ig^{μν} (2.6.4) The connection between (2.6.2) and (2.6.3) and (2.6.4) can be easily established by using the following definition of the δ-function. ∞∑ n=−∞ cos nσ cos nσ^′ = πδ(σ − σ^′) (2.6.5)

valid for functions expandable in a Fourier series of cos nσ.

The generators L_n of the conformal transformations given in the classical theory by introducing a normal ordered expression:

L_n = 1 2πi ∮ dzz^{n+1}T (z) (2.6.6)

where T (z) = − 1 4α^′ : ( ∂x ∂z )_2

: (2.6.7)

as already done in the free massless bosonic theory at the end of last section.

Using the results of the last section with the contraction given by

< x^μ(z)x^ν (ζ) >= −2α^′ log(z − ζ) (2.6.8)

it is easy to show that the Virasoro generators satisfy the Virasoro algebra with c = D [22], where D is the dimension of the space-time. Notice that the contraction in eq. (2.6.8) can be obtained using the commutation relations in eq.s (2.6.3) and (2.6.4) by computing the following correlator:

< q = 0|x^μ(z)x^ν (ζ)|p = 0 > (2.6.9)

where the bra (ket) is an eigenstate of the operator q (p) with vanishing eigenvalue. The Virasoro generators have the following expression in terms of the harmonic oscillators: L_n = p · a_n √ n + ∞∑ m=1 √ m(m + n)a_{n+m} · a^+_m + 1 2 n−1∑ m=1 √ m(n − m)a_m · a_{n−m} n > 0

L_{−n} = L^+_n L_0 = p^2 2 + ∞∑ n=1 na^+_n · a_n (2.6.10)

Notice that, because of the Lorentz metric, the commutation relations are realized in a linear space with indefinite metric exactly as in QED when one quantizes the theory à la Gupta-Bleuler.

However the physical states span a subspace of the entire space, that is characterized by the conditions [23] L_n|P hys >= (L_0 − 1)|P hys >= 0 (2.6.11) In fact the conditions (2.3.29) cannot be imposed in the quantum theory as operator identities. They can only be imposed as conditions between physical states: < P hys^′|L_n|P hys >=< P hys^′|(L_0 − 1)|P hys >= 0 (2.6.12) where n ≠ 0. Eqs. (2.6.12) are satisfied if (2.6.11) are required.

As in the quantization in the light-cone gauge an arbitrary constant can be added to L_0, that in the covariant gauge must be chosen to be equal to 1 if we require the same spectrum as in the light-cone gauge. The value 1 can be obtained in the conformal gauge only if we add the coordinate of the ghost as we will show in Chapter 4. This is the first sign of the incompleteness of the old covariant quantization.

The mass shell condition (L_0 − 1)|P hys >= 0 determines the spectrum of the theory, that is given by:

[1 + α^′M^2 − ∞∑ n=1 na^+_n · a_n]|P hys >= 0 (2.6.13)

Notice that all Lorentz components of the oscillators are present in (2.6.13), while in (2.4.17) we had only the transverse oscillators.

In order to eliminate the negative norm states present among the solutions of (2.6.13) we need to impose the additional constraints:

L_n|P hys >= 0 n > 0 (2.6.14)

The state with lowest mass is the vacuum state |0 > that satisfies (2.6.14) for any positive n and (2.6.13) if M^2 = −1/α^′. Therefore |0 > corresponds to a tachyon.

The next level is spanned by the states ϵ^μa^+_{1μ}|0 > corresponding to a massless gauge particle. The only nontrivial condition that we get from eq. (2.6.14) on a combination of photon states come from L_1 and reduces to:

L_1ϵ^μa^+_{1μ}|0 >= (p · a_1)ϵ^μa^+_{1μ}|0 > (2.6.15)

where ϵ^μ are arbitrary coefficients and p^μ is the four-momentum of the photon. (2.6.15) is the Lorentz condition imposed on the physical states in the Gupta-Bleuler quantization of QED. It requires a restriction of the parameters α^μ:

p · ϵ = 0 (2.6.16)

If we choose a frame of reference where the momentum of the photon is given by p^μ ≡ (0, 0....0, p, p) , (2.6.16) implies that the only physical states are:

α^ia^+_{1i}|0 > +α(a^+_{1;D−1} − a_{1;D})|0 > (2.6.17) where ϵ^i and ϵ are arbitrary parameters.

(2.6.17) is the most general state of the level N = 1 satisfying the conditions (2.6.14) contains states with positive norm, while the last term corresponds to a state with zero norm, that is orthogonal to all other physical states since it can be written as follows:

(a^+_{1;D−1} − a^+_{1;D})|0 >= L^+_1 |0 > (2.6.18)

in the frame of reference where p^μ ≡ (0, ...0, p, p).

Because of the previous property it is decoupled from the physical states together with its conjugate:

(a^+_{1,D−1} + a^+_{1,D})|0 > (2.6.19)

In conclusion we are left with only transverse physical states given by the first term in (2.6.17), that are exactly those found at the level N = 1 in the light-cone gauge.

Finally let us analyze the level N = 2, where the most general state with M^2 = 1/α^′ is given by:

[α^{μν} a^+_{1,ν} + β^μa^+_{2,μ}]|0 > (2.6.20)

where α^{μν} and b^μ are arbitrary parameters.

In the center of mass frame where p^μ = (⃗0, M) the most general physical state satisfying the conditions (2.6.14) is given by: |P hys >= α^{ij} [a^+_{1,i}a^+_{1,j} − 1 (D − 1) δ_{ij} D−1∑ k=1 a^+_{1,k}a^+_{1,k}]|0 > +

+β^i[a^+_{2,i} + a^+_{1,D}a^+_{1,i}]|0 > + + D−1∑ i=1 α^{ii} [_{D−1} ∑ i=1 a^+_{1,i}a^+_{1,i} + D − 1 5 (a^{+2}_{1,D} − 2a^+_{2,D}) ] |0 > (2.6.21)

where the indices i, j run over the D − 1 space components.

The first term in (2.6.21) correspond to a spin 2 in (D − 1) dimensional space and has a positive norm being made with space indices. The second term has zero norm and is orthogonal to the other physical state since it can be written in the form L^+_1 a^+_{1,i}|0 >. It must be therefore eliminated from the physical spectrum together with its conjugate, as already explained in the case of the state (2.6.18) at the level N = 1. Finally the last state in (2.6.21) is spinless and has a norm given by:

2(D − 1)(26 − D) (2.6.22)

If D < 26 it corresponds to physical spin zero particle with positive norm. If D > 26 it is a ghost. Finally if D = 26 it has a zero norm and is also orthogonal to the other physical states since it can be written in the form:

(2L^+_2 + 3L^{+2}_1 )|0 > (2.6.23)

It does not belong therefore to the physical spectrum.

In conclusion if D = 26 we find at the level N = 2 the same number of physical states as in the light-cone gauge. If instead D < 26 the transverse oscillators are not sufficient to reproduce the full degeneracy; we need to add the so-called Brower’s states [24, 25].

We conclude this section saying that also the closed string can be quantized in the conformal gauge following a procedure, that is completely analogous to the one used for the open string. We get in this case two sets of harmonic oscillators and of conformal generators. The Virasoro generators are defined by (2.3.34) and (2.3.35) with normal ordered expressions.

The on shell physical states are characterized by the following conditions: L_n|P hys >= L̄_n|P hys >= 0 (L_0 + L̄_0 − 2)|P hys >= (L_0 − L̄_0)|P hys >= 0 (2.6.24)

and for D = 26 one gets the same number of physical states as in the light-cone gauge keeping Lorentz invariance. On the other hand the covariant procedure developed in this section seems to work also for D < 26 and one needs also non-transverse oscillators (Brower’s states) in order to describe the full spectrum. This apparent disagreement between the covariant and light-cone quantization is due to the fact that the procedure following in this section is not quite correct, because, fixing the conformal gauge, we have neglected the contribution of the ghost, that is an important ingredient anytime we quantize a gauge theory covariantly. In Chapter 4 we will show that the inclusion of the ghost will eliminate the contradictions between covariant and light-cone quantization.

38 CHAPTER 2. FREE BOSONIC STRING

Chapter 3

Interacting bosonic string: tree

diagrams

3.1 Vertex operators for open string

The simplest way to introduce the interaction in the string model is by adding to the free action, that has been discussed in the previous chapter, a term that describes the interaction of a string with an external field [26]: S_{IN T} = ∫ d^DyΦ_L(y)J_L(y) (3.1.1)

where Φ_L(y) is the external field and J_L is the current generated by the string. The index L stands for possible Lorentz indices that are saturated in order to have a Lorentz invariant action.

In the case of a point particle such an interaction term will not give in general any information on the self-interaction of a particle.

In the case of a string instead S_{IN T} will describe the interaction among strings because the only external fields that can consistently interact with a string are exactly those that correspond to the various states of the string, as it will become clear later.

This is a consequence of the fact that, for the sake of consistency, we must require the following restriction on S_{IN T} :

i It must be a well defined operator in the space spanned by the string oscillators.

ii It must preserve the invariances of the free string theory. In particular in the ”conformal gauge” it must be conformal invariant. In general reparametrization invariant actions are written by using covariant derivatives, that also in the conformal gauge, defined by (2.3.6), contain the extra degree of freedom ρ(ζ) as it will be shown in the next chapter. For the sake of simplicity we consider only the case of critical dimension D = 26, where ρ(ζ) can be consistently set equal to 1. For a general treatment see for instance Ref. [27].

iii In the case of an open string the interaction occurs at the end point of a string (say at σ = 0). This follows from the fact that two open strings interact attaching to each other at the end points.

Let us concentrate on the open string and start with some examples. The simplest scalar current generated by the motion of a string can be written as follows J(y) = ∫ dτ ∫ dσδ(σ)δ^{(D)}[y − x^μ(τ, σ)] (3.1.2)

where δ(σ) has been introduced because the interaction occurs at the end of the string. For the sake of simplicity we omit to write a coupling constant g in (3.1.2) and in the following.

Inserting (3.1.2) in (3.1.1) and using for Φ(y) = e^{ik·y} a plane wave we get the following interaction: S_{IN T} = ∫ dτ : e^{ik·x(τ,0)} : (3.1.3)

where the normal ordering has been introduced in order to have a well defined operator according to i).

The invariance of (3.1.3) under a conformal transformation τ → w(τ ) requires the following identity: S_{IN T} = ∫ dτ : e^{ik·x(τ,0)} : = ∫ dw : e^{ik·x(w,0)} : (3.1.4)

or in other words that

: e^{ik·x(τ,0)} :−→ w^′(τ ) : e^{ik·x(w,0)} : (3.1.5)

Since in general a conformal or primary field Φ(τ ) transforms as follows under a conformal transformation:

Φ(τ ) → [w^′(τ )]^ΔΦ(w) (3.1.6)

as it has been explained in Section(2.5), the requirement in eq. (3.1.5) implies that the vertex operator : e^{ik·x(τ,0)} : must transform as a conformal field with Δ = 1.

It is convenient to consider the vertex operator as a function of z = e^{iτ} instead of τ . Because of (3.1.5) we must have: : e^{ik·x(τ,0)} :→ iz : e^{ik·x(z,0)} : (3.1.7) In the following we will omit to write explicitly the dependence on σ: x_μ(τ, 0) ≡ x_μ(τ ).

The transformation properties of e^{ik·x(z)} under as conformal transformation can be determined by computing its OPE with the energy-momentum tensor, that in our case is given in eq. (2.6.7). Using the contraction in eq. (2.6.8) it is easy to obtain: T (z) : e^{ik·x(ζ)} := ∂/∂ζ : e^{ik·x(ζ)} : z − ζ + α^′k^2 : e^{ik·x(ζ)} : (z − ζ)^2

+ · · · (3.1.8)

that implies that the vertex operator is a conformal field with Δ = α^′k^2. In conclusion S_{IN T} in (3.1.3) is conformal invariant only if the external field is on shell with α^′k^2 = 1, corresponding to the tachyonic lowest state of the bosonic string.

The tachyonic state can be obtained from the vertex operator

lim_{z→0} : e^{ik·x(z,0)} : |0 >= |0, k > (3.1.9)

by using the following explicit formula in terms of the harmonic oscillators: : e^{ik·x(z,0)} := e^{k·} ∑_∞ n=1 zn√ n a^+_n eik·qek·p log z e−k· ∑_∞ n=1 z−n √ n a_n (3.1.10)

where |0 > is the vacuum of the oscillators and of the zero mode p, while |0, k >= e^{ik·q}|0 >. Notice that the normal ordering means that the creation operators are put on the left with respect to the annihilation ones and also that the operator p is put before q. Notice that the vertex operator in eq. (3.1.10) satisfies the following hermiticity property:

[: e^{−ik·x(1/z)} :]^+ = z^2 : e^{ik·x(z)} : (3.1.11) that allows to obtain the tachyonic state as a bra in the limit of z → ∞.

Another simple current generated by the string is given by:

J_μ(y) = ∫ dτ ∫ dσδ(σ)ẋ_μ(τ, σ)δ^{(D)}(y − x(τ, σ)) (3.1.12) Inserting (3.1.12) in (3.1.1) we get S_{IN T} = ∫ dτ ẋ_μ(τ, 0)ϵ^μe^{ik·x(τ,0)} (3.1.13) if we use a plane wave for Φ_μ(y) = ϵ_μe^{ik·y} . Proceeding as in the case of the tachyon vertex operator in order to check the conformal invariance of (3.1.13) we must compute the following OPE: T (z)V (ζ; k) = ∂/∂ζV (ζ; k) z − ζ +(1+α^′k^2) V (ζ; k) (z − ζ)^2 + √ 2α^′ (ϵ · k) : e^{ik·x(ζ)} (z − ζ)^3

+· · · (3.1.14)

where V (ζ; k) = ϵ^μx^′_μ(ζ)e^{ik·x(ζ)} (3.1.15) and x^′_μ(z) = dx_μ dz = − i z √ 2α^′ [√ 2α^′p_μ + ∞∑ n=1 √ n(a_nz^{−n} + a^+_n z^n) ] (3.1.16)

According to the OPE in eq.(3.1.14) the vertex operator in eq. (3.1.13) is conformal invariant only if k^2 = ϵ · k = 0 (3.1.17) and therefore the external vector must be the massless photon state of the string.

As in the case of the tachyon such a photon state can be obtained from the vertex operator in the following way:

lim_{z→0} dx^μ dz ϵ_μe^{ik·x(z)}|0 >= −i(ϵ · a^+_1 )|0 > (3.1.18)

The photon vertex operator in eq. (3.1.15) satisfies in addition the following hermiticity property:

[V ( 1 z ; −k)]^+ = −z^2V (z; k) (3.1.19)

In conclusion in two particular examples we have seen that an open string can interact with an external field in a consistent way only if it corresponds to an on shell state of the string.

We are now going to show the previous result for an arbitrary external field. The most general vertex operator will be a combination of terms of the type: : ∂x_μ(1)_1 ∂z . . . ∂x_μ(1)_{n1} ∂z ∂^2x_μ(2)_1 ∂z^2 . . . ∂^2x_μ(2)_{n2} ∂z^2 . . . e^{ik·x} : (3.1.20) with the same amount of Lorentz indices and with the restriction ∑ in_i = N in order to describe states at the same level. The additional terms in eq. (3.1.20) involve terms with higher z derivatives. Finally the normal ordering has been inserted in order to have a well defined operator.

Since the various terms of the combination must have the same amount of Lorentz indices, in general the generic term will have some indices saturated within themselves with the invariant tensors g^{μν} and ϵ^{μνρσ} , others saturated with the momentum k_μ, while the left over ones will be saturated with the polarization tensor ϵ_{μ1···μJ} that is supposed to be orthogonal to the momentum k.

The requirement of conformal invariance implies the following OPE for the combination of terms that we call V_α(z; k):

T (z)V_α(z; k) = ∂/∂zV_α(z; k) z − ζ + V_α(z; k) (z − ζ)^2

+ · · · (3.1.21)

without higher singularities.

In general for a term as in eq.(3.1.20) higher singularities will be present, but they will be cancelled by taking suitable combinations of terms of the type (3.1.20). The coefficient of the term (z − ζ)^{−1} will be always correct, while that of the term (z − ζ)^{−2} will be the same for each term and given by

α^′k^2 + ∞∑ i=1 in_i = α^′k^2 + N (3.1.22)

Conformal invariance then implies that

α^′k^2 + N = 1 (3.1.23)

that is the mass shell condition for an arbitrary state of the string.

In addition eq. (3.1.21) implies that:

[L_n, V_α(z; k)] = d dz [z^{n+1}V_α(z; k)] (3.1.24)

and therefore the state:

|α >= lim_{z→0} V_α(z; k)|0 > (3.1.25)

satisfies the conditions (2.6.11) for an on shell physical state of the string.

Finally it is easy to check that the generic term (3.1.20) and therefore also a combination of terms with ∑ in_i = N satisfies the following hermiticity property:

V_α(1/z; −k)^+ = (−1)^N z^2V_α(z; k) (3.1.26)

In conclusion we have shown that the requirement i), ii) and iii) imply that the external field must be one of the on shell physical states of the string, the interaction of which with the string is described by a vertex V_α(z; k) satisfying the following conditions: |α >= lim_{z→0} V_α(z; k)|0 > V_α(1/z; −k)^+ = (−1)^N z^2V_α(z; k)

[L_n, V_α(z; k)] = d dz [z^{n+1}V_α(z; k)] (3.1.27)

that were the starting point for the consideration of Ref. [28].

At the end of this section let us consider some explicit examples that will clarify the previous general considerations.

The states on the leading trajectory are described by the following vertex operator: V_N (z; k) = ϵ^{μ1···μN} : x^′_{μ1} (z) · · · x^′_{μN} (z)e^{ik·x(z)} (3.1.28) that satisfies the OPE (3.1.21) if the polarization tensor satisfies the conditions: ϵ^{μ1···μi ···μj ···μN} g_{μi μj} = k_{μi} ϵ^{μ1···μi ···μN} = 0 (3.1.29) for any choice of the indices μ_i and μ_j . In addition the mass shell condition α^′k^2 + N = 1 must be also satisfied.

At the level N = 2 the most general vertex operator is given by the following combination:

: [α^{μν} x^′_μ(z)x^′_ν (z) + β^μx^{′′}_μ(z)]e^{ik·x(z)} (3.1.30)

It is easy to check that the coefficients of the terms (z − ζ)^{−1} and (z − ζ)^{−2} are as in (3.1.21) if α^′k^2 = −1 . In general however the OPE of T (z) with the vertex operator in eq. (3.1.30) will contain also higher singularities, that are eliminated if we impose the following conditions:

β^μ = ik_ν α^{μν} (g^{μν} − 2k^μk^ν )α_{μν} = 0 (3.1.31)

In the center of mass frame where k_μ ≡ (M,⃗0) with α^′M^2 = 1 we get the following primary fields:

: [x^′_ix^′_j − 1 D − 1 δ_{ij} D−1∑ k=1 x^′_kx^′_k]e^{ik·x} : (3.1.32)

: [x^′_ix^′_D + i √ α^′x^′_i^′]e^{ikẋ} : (3.1.33) and : [− 1 D − 1 D−1∑ k=1 x^{′2}_i + 1 5 ( x^′_Dx^′_D + 2i √ α^′x^{′′}_D ) ]e^{ik·x} : (3.1.34)

It is easy to prove that, if D = 26, they correspond to the states already found at the level N = 2 in eq. (2.6.21).

3.2 Scattering amplitude for open strings

In this section we want to compute the probability amplitude for the emission of (N − 2) external fields from a string.

Starting from the total action S = S_0 + S_{IN T} the S-matrix for the emission of the external field from the string is given in perturbation theory by:

S = lim τ_i→−∞;τ_f →∞ T [e iS_{IN T} ] = lim τ_i→−∞;τ_f →∞ T [e i ∫_{τf} τi dτ ∫_π 0 dσL_{IN T} ] (3.2.1)

where ∫_{τf} τ_i dτ ∫_π 0 dσL_{IN T} = ∫_{τf} τ_i dτ V_α(e^{iτ} ; k) (3.2.2)

V_α is the vertex operator corresponding to a certain external field.

The amplitude for the emission of (N − 2) external fields is given by a sum of (N − 2)! terms that correspond to the different terms of the T-ordered product in (3.2.1). A single term is given by:

A(α_1, k_1; · · · α_N , k_N ) = ∫_∞ 0 N −1∏ i=3 dτ_iθ(τ_{i+1} − τ_i) < α_1, k_1| N −1∏ i=2 V_{αi} (e^{iτi} ; k_i)|α_N , k_N > (3.2.3) ¿From (3.2.1) and (3.2.2) we would actually obtain the same vertex operator in the product in (3.2.3). We have extended the result to include different external fields at different ”times” τ_i.

3.2. SCATTERING AMPLITUDE FOR OPEN STRINGS 45

The variable τ_2 has been chosen to be equal to 0 because of the translational invariance of the matrix element in (3.2.3). The integral over τ_i is performed along the positive real axis. But since the vertex operator depends on e^{iτi} , the integral in (3.2.3) is not well defined. It can be made convergent by means of a Wick rotation τ → iτ . After the introduction of the Koba-Nielsen variables z_i = e^{−τi} we can rewrite (3.2.3) as follows

A(α_1, k_1; · · · α_N , k_N ) =

∫_1 0 N −2∏ i=3 [dz_iθ(z_i − z_{i+1}) < α_1, k_1| N −1∏ i=2 V_{αi} (z_i; k_i)|α_N ; k_N >

(3.2.4) where izV_α(z; k) = V_α(e^{iτ} ; k) (3.2.5) After the Wick rotation the integral in (3.2.4) is perfectly well defined.

Finally an internal symmetry can be introduced by multiplying the amplitude (3.2.4) with a Chan-Paton factor:

T r(λ_1λ_2 · · · λ_N ) (3.2.6)

where the λ’s are the generators of some internal symmetry group.

The scattering amplitude can be written in a more symmetric way by introducing also the Koba-Nielsen variable z_1, z_2 and z_N . Then (3.2.4) becomes:

A(α_1, k_1; · · · α_N , k_N ) = ∫_∞ −∞ ∏_N i=1[dz_iθ(z_i − z_{i+1})] dV_{abc} < 0| N∏ i=1 V_{αi} (z_i; k_i)|0 > (3.2.7)

where dV_{abc} = dz_adz_bdz_c (z_a − z_b)(z_a − z_c)(z_b − z_c)

(3.2.8)

The three variables z_a, z_b, z_c can be fixed arbitrarily because the expression under the integral in (3.2.7) is invariant under the projective transformations:

z_i → z^′_i = Az_i + B Cz_i + D ; AD − BC = 1 (3.2.9)

This follows from the fact that dV_{abc} is left invariant under the projective transformations (3.2.9) and that the vertex operator is a primary field with Δ = 1 as shown in section (3.1):

V_{αi} (z_i, k_i) → (Cz_i + D)^{−2}V_{αi} (z^′_i; k_i) (3.2.10) In addition from eq. (3.2.9) we get also dz_i^′ = dz_i (Cz_i + D)^2

(3.2.11)

implying that V_α(z; k)dz is projective invariant. Fixing z_a = z_1 = ∞, z_b = z_2 = 1 and z_c = z_N = 0 we get the starting expression (3.2.4).

Notice that V_α(z; k)dz is invariant under an arbitrary conformal transformation; but the volume element dV_{abc} is not.

Notice that the integrand in eq.(3.2.7) is invariant under cyclic permutations of the external legs. This can be shown by using the following reordering property of the vertex operators : V (z; k)V (ζ; h) = V (ζ; h)V (z; k)e^{2πiα′k·hϵ(z−ζ)} (3.2.12) If we commute the last operator V_{αN} in (3.2.7) with the other operators bringing it in front of the other terms of the product, we will get, because of (3.2.12), a factor e^{2iπα′kN ·} ∑_{N −1} i=1 k_i , that is equal to 1 as a consequence of the conservation of momentum

and of the mass shell condition α^′k^2_N = integer. This shows that (3.2.7) is invariant under a cyclic permutation of the external legs: A(1, 2, · · · , N) = A(N, 1, · · · , N −1).

In conclusion the scattering amplitude in eq. (3.2.7) is invariant under cyclic permutations. In order to get a crossing symmetric amplitude we need to sum only over the (N − 1)! permutations that are not cyclic: A = ∑ T r(λ_1λ_2 . . . λ_N )A(α_{i1} , k_1; · · · , α_{iN} , k_N ) (3.2.13)

and not only over the (N − 2)! terms of the T-ordered product in (3.2.1) that make the scattering amplitude symmetric only under any exchanges of the N −2 particles related to the external field. This asymmetry between the first and the last particle and the other N −2 particles is due to the fact that we have treated them differently. In fact the first and the last particles in (3.2.3) have been treated as states of the string, while the others as external fields. In order to restaure the symmetry we should sum over non cyclic and non anticyclic permutations as in (3.2.13). We conclude this section by computing the scattering amplitude involving N tachyons. It is given by:

A(k_1, k_2, · · · k_N ) = ∫ ∏_{Ni=1}[dz_iθ(z_i − z_{i+1}) dV_{abc} < 0| N∏ i=1 : e^{iki·x(zi)} : |0 > (3.2.14)

If we use the explicit expression (3.1.10) of : e^{ik·x(z)} : in terms of the harmonic oscillators and the Baker-Hausdorf formula

e^Ae^B = e^Be^Ae^{[A,B]} (3.2.15)

it is easy to get the following expression: : e^{ik·x(z)} :: e^{ih·x(ζ)} :=: e^{ik·x(z)}e^{ih·x(ζ)} : (z − ζ)^{2α′k·h} (3.2.16) that allows to compute the vacuum expectation value in (3.2.14) obtaining:

A(k_1, k_2, · · · k_N ) = ∫ ∏_{Ni=1}[dz_iθ(z_i − z_{i+1}) dV_{abc} ∏ i<j (z_i − z_j)^{2α′ki·kj} (3.2.17)

3.3. VERTEX OPERATORS FOR CLOSED STRINGS 47

The factor (z−ζ)^{2α′k·h} in (3.2.16) can also be directly obtained using the contraction (2.6.8).

After having fixed z_1 = ∞, z_2 = 1, z_3 = z and z_4 = 0 we get the following 4-point tachyon amplitude:

A(k_1, k_2, k_3, k_4) =

∫_1 0 dzz^{2α′k3 ·k4} (1 − z)^{2α′k2·k3} (3.2.18) In terms of the Regge trajectories in the s and t-channel α_s = 1 − α^′(k_3 + k_4)^2 α_t = 1 − α^′(k_3 + k_2)^2 (3.2.19) we get for (3.2.18) the famous Veneziano formula:

A(k_1, k_2, k_3, k_4) =

Γ(−α_s)Γ(−α_t) Γ(−α_s − α_t)

(3.2.20)

3.3 Vertex operators for closed strings

For a closed string we can proceed as in the case of an open string, but we shall drop the property iii) of the beginning of this chapter. The simplest scalar current generated by the string is given by: J(y) = ∫ dτ ∫ dσδ^{(D)}(y^μ − x^μ(τ, σ)) (3.3.1) Inserting (3.3.1) in (3.1.1) and taking a plane wave for the external field we get the following vertex operator: S_{IN T} = ∫ dτ ∫ dσ : e^{ik·x(τ,σ)} : (3.3.2) with the normal ordering prescription in order to have a well defined operator.

According to (2.3.13) we can write x_μ(τ, σ) as follows: x_μ(τ, σ) = x_μ(τ + σ) + x̄_μ(τ − σ) (3.3.3) where x^μ(ζ^+) = 1 2 q^μ + 2α^′p^μζ^+ + i √ 2α^′ ∑ n≠0 α^μ_n n e^{−2inζ+} (3.3.4) and x̄^μ(ζ^−) = 1 2 q^μ + 2α^′p^μζ^− + i √ 2α^′ ∑ n≠0 ᾱ^μ_n n e^{−2inζ−} (3.3.5)

with ζ^± = τ ± σ.

They contain the same zero modes, but completely independent non zero modes.

Using the decomposition in eq.(3.3.3) we can rewrite eq. (3.3.2) as follows apart from an overall factor: S_{IN T} = ∫ dζ^+ : e^{ik·x(ζ+)} : ∫ dζ^− : e^{ik·x̄(ζ−)} : (3.3.6)

where the normal ordering for the zero mode is as in eq.(3.1.12). Conformal invariance requires that the vertex operator transforms as a primary field with both right and left dimensions Δ = Δ̄ = 1 . Both these conditions imply that α^′ 2 k^2 = 2 (3.3.7)

that implies (α_0)_cl = (2α_0)_{op} α^′_c′ = α^′ 2 (3.3.8)

In conclusion the external scalar field must have the same mass as the tachyonic state of the closed string.

In terms of the variables z and z̄ defined in eq. (2.3.32) the tachyon of the closed string is described by the following vertex operator:

: e^{ik·x(z)}e^{ik·x̄(z̄)} : (3.3.9)

where the normal ordering for the zero modes is defined with the q_μ-operator on the left of the p_μ as in (3.1.10). Therefore the vertex of a tachyon of the closed string is the product of two vertices of the tachyon of the open string that are functions of the variables z and z̄ respectively.

The next possibility is to consider the following current generated by the string:

J_{μν} (y) = ∫ dσ ∫ dτ ∂x_μ ∂ζ^+ ∂x_ν ∂ζ^− δ(y_μ − x_μ(τ, σ) (3.3.10)

the symmetric part of which is equal to the D-dimensional energy-momentum tensor of the string.

¿From (3.3.10) using a plane wave Φ_{μν} = ϵ_{μν} e^{ik·y} for the external field we get the following interaction S_{IN T} = ∫ dζ^+ ∫ dζ^−ϵ^{μν} ∂x_μ ∂ζ^+ ∂x_ν ∂ζ^− e^{ik·x(ζ+,ζ−)} (3.3.11) where ϵ is the polarization tensor of the external field.

Using the decomposition (3.3.3) we can rewrite (3.3.11) as follows: S_{IN T} = ϵ^{μν} ∫ dζ^+ ∂x_μ ∂ζ^+ e^{ik·x(ζ+)} ∫ dζ^− ∂x_ν ∂ζ^− e^{ik·x(ζ−)} (3.3.12)

(3.3.12) is of course conformal invariant if k^2 = 0 with the external field corresponding to a state of the massless level of a closed string. In particular if we

3.4. SCATTERING AMPLITUDE FOR CLOSED STRINGS 49

choose ϵ^{μν} symmetric and traceless we get the interaction of a string with an external gravitational field, while if we choose it antisymmetric we get the interaction with an external antisymmetric tensor field. In both cases the conformal invariance of (3.3.12) requires that k^μϵ_{μν} = k^ν ϵ_{μν} = 0.

Finally if we take ϵ^{μν} = 1 D − 2 [η^{μν} − k_μℓ_ν − k_ν ℓμ] (3.3.13)

with ℓ^2 = 0 and ℓ · k = 1, we get the vertex operator corresponding to a dilaton.

In terms of the variables z and z̄ the vertex for a massless state for a closed string can be written as follows:

: x^′_μ(z)e^{i(k/2)·x(z)}x̄^′_ν (z̄)e^{i(k/2)·x̄(z̄)} : ϵ^{μν} (3.3.14)

where x^′(z) means the derivative with respect to the argument.

It is easy to convince oneself that the most general vertex operator for a closed string is in general a product of two vertex operators of an open string as follows:

V_{αβ} (z, z̄; k) =: V_α(z; k)V_β (z̄; k) : (3.3.15)

where :: means that the q-operator appears always on the left of the p-operator.

In addition, since we know that the states of a closed string must satisfy the condition (2.4.43), the two open string states α and β must be chosen to belong to the same level.

3.4 Scattering amplitude for closed strings

The amplitudes for the emission of N external fields from a closed string can be again easily computed by using the general formula (3.2.1). We get:

A(α_1, β_1, k_1; α_2, β_2, k_2; . . . α_N , β_N , k_N ) = ∫_∞ 0 N −1∏ i=3 dτ_i ∫_π 0 dσ_i

< α_1, β_1, k_1|T (_{N −1} ∏ i=2 V_{αiβi} (e^{2iζ+i} , e^{2iζ−i} ; k_i) ) |α_N , β_N , k_N > (3.4.1)

where the variable τ_2 and σ_2 have been taken equal to zero because of the translational invariance of the matrix element.

By making a Wick rotation τ → iτ , as in the case of an open string, the two variables z and z̄ become one the complex conjugate of the other

z = e^{−2τ} e^{2iσ} z̄ = e^{−2τ} e^{−2iσ} (3.4.2)

In terms of the variables z and z̄ (3.4.15) becomes

A(α_1, β_1, k_1; α_2, β_2, k_2; . . . α_N , β_N , k_N ) = = ∫ ∞∏ i=3 d^2z_i < α_1, β_1, k_1|R (_{N −1} ∏ i=2 V_{αiβi} (z_i, z̄_i; k_i) ) |α_N , β_N , k_N > (3.4.3)

where the T -ordering becomes now an ordering on the modulus of z_i and the integrals are performed over the entire complex plane of the variables z_i.

Notice that the jacobian for the change of variables σ, τ → z, z̄ cancels with the factor coming out from a different definition in the normal ordering of the zero mode of the vertex operator as a function of (τ, σ) as in (3.3.6) or as a function of (z, z̄) as in (3.3.9).

If we restrict ourselves to the scattering of N tachyons we can use the vertex (3.4.9) in (3.5.3). The matrix element in (3.5.3) will give the same expression for each term of the R-ordered product, that can be immediately obtained from the analogous calculation already performed in Sect. 3.2 for an open string.

For an open string the matric element in (3.2.14) is given by ∏_{N −1} i<j;i=2(zi −zj) k_i ·k_j .

In the case of a closed string, where the vertex is a product of two vertices of an open string the matric element in (3.4.3) is given by N −1∏ i<j;i=2 (z_i − z_j )^{ki·kj /4}(z̄_i − z̄_j )^{ki·kj /4} (3.4.4)

The factor 4 in the denominator of the two exponents follows from the factor 1/2 appearing in front of the brackets in (3.3.4) and (3.3.5).

Since the various terms in (3.3.3) will all give the same result, the terms with the product of θ-functions will sum up to 1.

In conclusion the scattering amplitude for N tachyons is given by

A(k_1, k_2, . . . , k_N ) = ∫ N −1∏ i=3 d^2z_i N −2∏ i<j;i=2 |z_i − z_j |^{12 ki·kj} (3.4.5)

It can be rewritten in a more symmetric form as in the case of an open string, by introducing also the variables z_1 and z_N . Then (3.5.5) becomes:

A(k_1, k_2, . . . , k_N ) =

∫ ∏_{Ni=1} d_2z_i dV_{abc} ∏ i<j |z_i − z_j |^{12 ki ·kj} (3.4.6)

where dV_{abc} = d^2z_ad^2z_bd^2z_c |z_a − z_b|^2|z_a − z_c|^2|z_b − z_c|^2

(3.4.7)

In the case of the scattering of 4 tachyons the amplitude (3.4.5) becomes:

A(k_1, k_2, k_3, k_4) = ∫ d^2z|z|^{12 k3 ·k4} |1 − z|^{12 k2 ·k3} (3.4.8)

Using the formula (E.8) derived in Appendix E we get finally for (3.5.8) the scattering amplitude proposed by Virasoro: A = π Γ(−^{α(u)}_2 ) − Γ(^{α(s)}_2 )Γ(−^{α(t)}_2 ) Γ(1 +^{α(u)}_2 )Γ(1 +^{α(s)}_2 )Γ(1 +^{α(t)}_2 )

(3.4.9)

where

α(s) = 2 − (k_1 + k_2)^2 α(t) = 2 − (k_3 + k_2)^2 α(u) = 2 − (k_1 + k_4)^2 (3.4.10)

3.5 Normalization of scattering amplitudes

In this section we give the rules for obtaining amplitudes for open and closed strings with the correct normalization factors. We will have two kinds of factors. The first one is a factor that correctly normalizes the vertex operator associated to each string state, while the second one refers to the topology of the string diagram. Let us start from the open string tree amplitudes where, for the sake of generality, we consider open strings living on Dp-branes, i.e. strings having Neumann boundary conditions on (p + 1) directions and Dirichlet ones along the remaining (D − p − 1). Let us start from the massless vector vertex operator in the bosonic string that we write as follows:

V^i(z, k) = N_o λ^a (iϵ · ∂_zx̂(z))e^{i√2α′k·x̂} , k^2 = ϵ · k = 0 (3.5.1)

where we have introduced the dimensionless coordinate:

x̂(z) = x(z) √ 2α^′ = q̂ − ip̂ + i ∑ n≠0 α_n n z^{−n} (3.5.2)

with q̂ = q √ 2α^′ , p̂ = √ 2α^′ p (3.5.3)

Since ∂_zx̂(z) = (−i) p̂ z + ∑ n≠0 α_nz^{−n−1} (3.5.4)

we see that the factor i in eq.(3.5.1) is needed in order to cancel the factor (−i) appearing in eq.(3.5.4). The normalization factor N_o is given by:

N_o = (2r)^{1/2}g_o(2α^′)^{(p−1)/4} = g_{p+1}(2α^′)^{1/2} (3.5.5)

where g_{p+1} is the gauge coupling constant given by

g_{p+1} = (2r)^{1/2}g_o(2α^′)^{(p−3)/4} (3.5.6) that appears in the Yang-Mills action: L_{Y M} = − 1 4 F^A_{αβ}F^{αβ}_A , F^a_{αβ} = ∂_αA^a_β − ∂_βA^a_α + g_{p+1}f^{abc}A^b_αA^c_β (3.5.7)

Finally the Chan-Paton factors λ^a are normalized as:

T r(λ^aλ^b) = δ^{ab} r (3.5.8)

The factor N_o that correctly normalizes the vector vertex operator is actually the same for all other vertex operators provided that one always uses the variable x̂. In particular the tachyon vertex operator is given by:

V (z, k) = N_o e^{i√2α′k·x̂} , α^′k^2 = 1 (3.5.9)

Having correctly normalized the vertex operators we must also add a normalization factor that depends on the topology of the diagram. In the case of open string tree diagrams corresponding to the topology of the disk we need to include the factor:

C_0 = g^{−2}_o (2α^′)^{−(p+1)/2} = 2r g^2_{p+1}(2α^′)^2

(3.5.10)

satisfying the following relation:

C_0N^2_o α^′ = 2 (3.5.11)

It insures the correct factorization properties of the tree diagrams.

Let us use the previous normalization factors for computing the three-gluon amplitude. It is given by the sum of two planar diagrams. The first one corresponding to the cyclic ordering 123 is equal to:

C_0N^3_o T r(λ^{a1} λ^{a2} λ^{a3} ) < 0|V_1(z_1)V_2(z_2)V_3(z_3)|0 > (z_1 − z_2)(z_2 − z_3)(z_1 − z_3) (3.5.12)

that, after some calculation, can be written as follows:

C_0N^3_o T r(λ^{a1} λ^{a2} λ^{a3} ) √ 2α^′ [(ϵ_1 · ϵ_2)(k_1 · ϵ_3) + (ϵ_1 · ϵ_3)(k_3 · ϵ_2) + (ϵ_2 · ϵ_3)(k_2 · ϵ_1)] (3.5.13) while the second one corresponding to the ordering 132 can be obtained from the previous one by the substitution

T r(λ^{a1} λ^{a2} λ^{a3} ) → −T r(λ^{a1} λ^{a3} λ^{a2} ) (3.5.14)

Notice that in order to obtain eq.(3.5.13) we have used the conservation of momentum and the mass-shell conditions: k^2_i = 0, i = 1, 2, 3 to cancel the dependence on the Koba-Nielsen variables. Summing the two contributions one gets

C_0N^3_o T r(λ^{a1} [λ^{a2} , λ^{a3} ]) √ 2α^′ [(ϵ_1 · ϵ_2)(k_1 · ϵ_3) + (ϵ_1 · ϵ_3)(k_3 · ϵ_2) + (ϵ_2 · ϵ_3)(k_2 · ϵ_1)] (3.5.15)

By using the commutation relations:

[λ^a, λ^b] = if^{abc}λ^c (3.5.16)

the normalization given in eq.(3.5.8), the relation in eq.(3.5.11) and eq.(3.5.5) we get for the three-gluon amplitude:

ig_{p+1}f^{a1a2a3} [(ϵ_1 · ϵ_2)((k_1 − k_2) · ϵ_3) + (ϵ_1 · ϵ_3)((k_2 − k_3) · ϵ_2) + (ϵ_2 · ϵ_3)((k_2 − k_3) · ϵ_1)] (3.5.17) that is equal to the 3-gluon vertex that one obtains from the Yang-Mills action in eq.(3.5.7).

The factor given in eq.(3.5.10) generalizes to a surface with h boundaries as follows C_h = g^{2h−2}_o N^h(2π)^{−(p+1)h}(2α^′)^{−(p+1)/2} (3.5.18) It reduces of course to the one given in eq.(3.5.10) for h = 0.

Let us consider now the normalization factors in the case of a closed string. In this case it is convenient to write the string coordinate as follows: x(z, z̄) = 1 2 (x(z) + x̃(z̄)) ≡ √ 2α^′ 2 x̂(z, z̄) (3.5.19)

where x(z) = q − iα^′p log z + i √ 2α^′ ∑ n≠0 α_n n z^{−n} (3.5.20) and x̃(z) = q − iα^′p log z̄ + i √ 2α^′ ∑ n≠0 α̃_n n z̄^{−n} (3.5.21)

In eq.(3.5.19) we have again introduced the dimensionless quantity that we will use in the vertex operator. We write the vertex for the massless states as follows: (iϵ · ∂_zx̂(z, z̄))(iϵ̃∂_{z̄}x̂^ν (z, z̄)) N_c e^{ik·x(z,z̄)} (3.5.22) where the polarization tensor has been written as ϵ_{μν} = ϵ_μϵ̃_ν . The normalization factor for a closed string vertex is given by:

N_c = (4π)^{1/2}g_c(α^′)^{(D−2)/4} = κ_D π (3.5.23)

and the D-dimensional Newton constant is given by:

κ_D = 2π^{3/2}g_c(α^′)^{(D−2)/4} (3.5.24)

If we compute tree diagrams for closed strings corresponding to the topology of a sphere we must add the following factor:

Ĉ_0 = g^{−2}_c (α^′)^{−D/2} (3.5.25) that satisfies the following relation:

Ĉ_0N^2_c α^′ = 4π (3.5.26)

that insures the correct factorization properties of the tree diagrams.

¿From the previous normalizations we can compute the three-graviton amplitude that is given by:

Ĉ_0N^3_c < 0|V_1(z_1, z̄_1)V_2(z_2, z̄_2)V_3(z_3, z̄_3)|0 > |z_1 − z_2|^2|z_2 − z_3|^2|z_1 − z_3|^2 (3.5.27)

Using eqs.(3.5.26) and (3.5.23) one gets

2κ_D [(ϵ_1 · ϵ_3)(k_3 · ϵ_2) + (ϵ_1 · ϵ_3)(k_1 · ϵ_3) + (ϵ_2 · ϵ_3)(k_2 · ϵ_1)] ·

· [(ϵ̃_1 · ϵ̃_3)(k_3 · ϵ̃_2) + (ϵ̃_1 · ϵ̃_3)(k_1 · ϵ̃_3) + (ϵ̃_2 · ϵ̃_3)(k_2 · ϵ̃_1)] (3.5.28) that agrees with the three-graviton amplitude that one gets from the Einstein’s action.

The factor for the sphere given in eq.(3.5.25) generalizes in the case of a Riemann surface with genus g to:

Ĉ_g = g^{2g−2}_c (2π)^{−Dg}(α^′)^{−D/2} (3.5.29)

We have introduced a string coupling constant for the open and a different one for the closed string. It turns out that the open string one is related to the closed string one by a numerical relation. It can be derived by observing that the Yang- Mills coupling constant g_{p+1} can also be obtained by expanding the Born-Infeld action: S_{BI} = − T_p κ_D ∫ d^{p+1}ξ √ − det (G_{αβ} + 2πα^′) (3.5.30)

In this way one obtains the following expression for the Yang-Mills coupling constant:

g^2_{p+1} = rκ_D T_p(2πα^′)^2

, T_p = √ π 2^{(D−10)/4} (2π √ α^′)^{D2 −p−2} , τ_p ≡ T_p κ_D = (2π)^{D/2−3} 2^{(D−10)/4} (2π √ α^′)^{1−p} 2πα^′g_c (3.5.31) where T_p can be computed from the boundary state. Finally comparing eq.(3.5.31) with eq.(3.5.6) we get the following relation between the open and closed string coupling constants: g^2_o g_c = (2π)^{D/2} 2^{D/4} 1 2 √ 2 (3.5.32)

The previous normalizations have been determined for the case of the bosonic string where actually D = 26. It turns out, however, that they also provide the correct normalization for the superstring amplitudes if we put D = 10. In the case of superstring we have also the fermionic coordinate that we use in the vertex operators. Also in this case we have to use a dimensionless quantity corresponding to the one given for the bosonic coordinate in eq.(3.5.2). It is given by: ψ̂ = −i ∑ t ψ_rz^{−t−1/2} (3.5.33)

where the sum is over integers [half-integers] values of r for the Ramond [Neveu- Schwarz] sector. The factor (−i) appearing in eq.(3.5.33) is a consequence of the same factor appearing in eq.(3.5.4). We have the same normalization also in the case of the closed string.

The closed string coupling constant g_c is related to the most common used g_s in superstring theory through the relation:

g_s = g_c (2π)^2

(3.5.34)

In terms of this new string coupling constant the duality relation between the coupling constants of two dual theories is simply given by g_s → 1/g_s .

56 CHAPTER 3. INTERACTING BOSONIC STRING: TREE DIAGRAMS

Bibliography

[1] A.

[2] A.

[3] G. Veneziano, Nuovo Cimento 57 A (1968) 190.

[4] K. Bardakci and H. Ruegg, Phys. Rev. 181 (1969) 1884.

C.G. Goebel and B. Sakita, Phys. Rev. Letters 22 (1969) 256. Chan Hong-Mo and T.S. Tsun, Phys. Lett. 28B (1969) 485.

[5] J. Paton and Chan Hong-Mo, Nucl. Phys. B10 (1969) 519.

[6] C. Lovelace, Phys. Lett. 28B (1968) 265.

J. Shapiro, Phys. Rev. 179 (1969) 1345.

[7] P.H. Frampton, Phys. Lett. 41B (1972) 364.

[8] P. Ramond, Phys. Rev. D3 (1971) 2415.

A. Neveu and J. Schwarz, Nucl. Phys. B31 (1971) 86 and Phys. Rev. D4 (1971) 1109.

[9] Y. Nambu, Proc. Int. Conf. on Symmetries and Quark Models, Wayne State University 1969 (Gordon and Breach, 1970) p. 269.

H. B. Nielsen, Paper submitted to the 15th Int. Conf. on High Energy Physics, Kiev, 1970.

L. Susskind, Nuovo Cimento 69A (1970) 457 T. Takabayashi, Progr. Theor. Phys. 43 (1970) 1117.

[10] A.M. Polyakov, Phys. Lett. 103 B (1981) 502.

[11] J. Scherk and J.H. Schwarz, Nucl. Phys. B81 (1974) 118.

[12] J. Scherk and J.H. Schwarz, Phys. Lett. 57B (1975) 463.

E. Cremmer and J. Scherk, Nucl. Phys. B 103 (1976) 399..

58 BIBLIOGRAPHY [13] F. Gliozzi, D. Olive and J. Scherk, Phys. Lett. 65B (1976) 282; Nucl. Phys.

B122 (1977) 253.

[14] M.B. Green and J.H. Schwarz, Nucl. Phys. B181 (1981) 502;

M.B. Green and J.H. Schwarz, Phys. Lett. 109B (1982) 444.

[15] See for instance Landau and Liftschitz, and L. Brink, P. Di Vecchia and P.

Howe, Nucl. Physics [16] Y. Nambu, Lectures at the Copenhagen Symposium, 1970, unpublished;

T. Goto, Progr. Theor. Phys. 46 (1971) 1560.

[17] L. Brink, P. Di Vecchia and P. Howe, Phys. Lett. 65 (1976) 471;

S. Deser and B. Zumino, Phys. Lett. 65 (1976) 369.

[18] In this section we follow the standard paper of P. Goddard, J. Goldstone, C.

Rebbi and C. Thorn, Nucl. Phys. B56 (1973) 109. [19] L. Brink and H.B. Nielsen, Phys. Lett. 45B (1973) 332. [20] F. Gliozzi, unpublished.

See also P. Di Vecchia in Many Degrees of Freedom in Particle Physics, Edited by H. Satz, Plenum Publishing Corporation, 1978, p. 493.

[21] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Nucl. Phys. B241 (1984) 333.

[22] M. Virasoro, Phys. Rev. D1 (1970) 2933.

The presence of the c-number in the Virasoro algebra was recognized by J. Weis, unpublished.

[23] E. Del Giudice and P. Di Vecchia, Nuovo Cimento 70A (1970) 579. [24] R.C. Brower, Phys. Rev. D6 (1972) 1655.

[25] P. Goddard and C.B. Thorn, Phys. Lett. 40B (1972) 235. [26] M. Ademollo, A. D’Adda, R. D’Auria, P. Di Vecchia, F. Gliozzi, R. Musto, E.

Napolitano, F. Nicodemi and S. Sciuto, Nuovo Cimento 21A (1974) 77. [27] S. Weinberg [28] Campagna, S. Fubini, E Napolitano and S. Sciuto