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Topologing ABC: Nagra grundlaggande begrepp...
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For att "pa riktigt” diskutera topologi behdver man
(som for all matematik!) precisa definitioner, t.ex.

kontinuerlig funktion (def. . topologi):
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For att "pa riktigt” diskutera topologi behdver man
(som for all matematik!) precisa definitioner, t.ex.

kontinuerlig funktion (def. . topologi):

... har gor vi det litet enklare!
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TOPOLOGI: Nagra grundbegrepp
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Exempel pa en diffeomorfism: stereografisk projektion

2
% \S‘/\\ OzVV
B . . : 2
, och |, &r tva kopior av R
¢; : O; — R* i=1,2 0, = 5% — {S} 0, = 5% — {N}

stereografisk projektion
_ —1 . 2 2
gi2 = ¢19 :R°—{0} — R°—{0}

g1z € C*° = S7 ir en ”glatt mangfald”

"Overforingsfunktion”
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Exempel pa en diffeomorfism: stereografisk projektion

p ‘\.
I, w \.OzV

, och [, ar tva kopior av RQ

d; O — R?, i=1,2 O, = S2 — {S) O, = S2 — {N}

stereografisk projektion
_ —1 . 2 2
gi2 = ¢19 :R°—{0} — R°—{0}

gi2 € C*° = 52 &r en "glatt mangfald” villkor fér Gauss-Bonnet teoremet

"Overforingsfunktion”
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Givet en glatt mangfald sa kan vi i

varje punkt associera ett tangentrum
hér: tangentplan






111110

-~ \* "rata ut” tangentrummen
sa att de inte dverlappar
N\

tangentknippe



R ("fiber”)

N

/

St (”basmangfald”)

tangentknippe

specialfall av
fiberknippe

= topologiskt rum
som lokalt ser ut
som produkten av
tva topologiska rum:

cylinder = S!' xR
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Vi kan anvanda ekvivalensrelationer till att konstruera topologiska mangfalder

Exempel: givet R, definiera en ekvivalensrelation x ~ y: v = x + 2rn

X — 27 X X+ 27
+—e0— —e +—@-

— 27 0 27 47

ekvivalensklasser: (x) = {..., x—=2m, X, x + 2m1, X + 4r7,...}
kvotmangden R/~ bestar av alla ekvivalensklasser (x)
motsvarande topologiska mangfald kallas kvotrum

X
o —
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Andra satt att anvanda ekvivalensrelationer
for att konstruera topologiska mangfalder:
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A
y
(—1,y)1 l(ty) :
A A X
> —
>
cylinder, orienterbar
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A
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Mobiusband, ej orienterbar
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A
y
(— 1 y)l l(ty) :
A A X
> —
>
cylinder, orienterbar
A

(-1, —y)f

Mobiusband, ej orienterbar

Mobiusband som fiberknippe
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~1,9) ~ (1Y) torus
x, =1) ~(x,1)
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| V.
1,9) ~ (1) torus
x, =1) ~(x,1)

ifr. kvotrummet R?/~ med ekvivalensrelationen
(ib’hyl) ~ ($2,y2) om T2 = 1 + 27N, och yo = y1 + 271y,
Y
[
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(_7!y) - (7;)/)
(—X, _7) - (X, 7)
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Kolla in
t i — http://www.youtube.com/watch?v=yaeyNjUPVqgs

(_7!y) - (7;)/)
(—X, _7) - (X, 7)

Felix Klein
1849 - 1925


http://www.youtube.com/watch?v=yaeyNjUPVqs
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B B

(_71_y) ~ (71y)
x, =1) ~(x,7)
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(_X: _7) ~ (Xl 7)
(reellt) projektivt plan
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Topologins centrala problem:
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Topologins centrala problem:
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Topologins centrala problem:
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Charlie Kane

New topological invariant for
a 2D time-reversal invariant
quantum many-particle system
(no magnetic field!)

Gene Mele

WINNERS OF THE 2019 BREAKTHROUGH PRIZE

Breakthrough Prize In Fundamental Physics

Charles Kane and Eugene Mele — University of Pennsylvania

Citation: For new ideas about topology and symmetry in physics, leading to the prediction of a new class of materials that conduct
electricity only on their surface.

Description: Since the days of Ben Franklin, we've come to distinguish between electrical forms of matter that are either conducting or
insulating. But that concept has been turned inside-out by Charles Kane and Gene Mele who have predicted a new class of materials —
“topological insulators” — that are inviolable conductors of electricity on the boundary but insulators in the interior. Their discovery has
important implications for the “space-race” in quantum computing and could lead to new generations of electronic devices that promise
enormous energy efficiencies in computation. Topological insulators also offer a window into deep questions about the fundamental nature
of matter and energy, since they exhibit particle-like excitations similar to the fundamental particles of physics (electrons and photons) but
can be controlled in the laboratory in ways that electrons and photons cannot. These connections offer a new conceptual framework for
controlling the flow of charge, light and even of mechanical waves in various states of matter. Unanticipated applications, too, seem
inevitable: when the transistor was invented in 1947, no one could realistically predict that it would lead to information technologies that
would allow terabytes of data to be crammed onto a tiny silicon chip.

“Kane and Mele introduced new ideas of topology in quantum physics in a quite remarkable way,” said Edward Witten, chair of the
selection committee. “It is beautiful how this story has unfolded.”
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homomorfa ocked homomorfa!
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Eulerkarakteristik: prototyp t6r topologisk invariant

= homomorf ?
ANTIN G M < U ~ Poryewenr KK < IR
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Eulerkarakteristik: prototyp f6r topologisk invariant

homomorf 7
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Eulerkarakteristik: prototyp f6r topologisk invariant

homomorf 7

ANTIA § (//( < R ~  Poryenenr Ik < it

v (vertex) /A @

face

edge




Forelasning 18/12 (l1)

Eulerkarakteristik: prototyp f6r topologisk invariant

homomorf 7

ANTIA § (//( < R ~  Poryenenr Ik < it

v (vertex) /A @

face

edge
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Innan vi gar vidare:
Nagra enkla berakningar av Eulerkarakteristiker

X (- -
X(—)=2—1 = | s cin

X (A)=3-34 = | ¢

X(©>://CSI) %(/\)\3”3 L

X (@)=A(sH) =X (A) = 1-¢+4=2
; Lsra A o




Forelasning 18/12 (Il)

Innan vi géar vidare:
Nagra enkla berékningar av Eulerkarakteristiker

X () = |

X (=)=2-1 = | b S'~A

X (A)=3-3+| = f,//

X (D) =2 (S") =% () =3-3 - O

X (B)=A(s¥) =X (A) = 41-6+4=2_
i A 2

(D) =xXes) =x () = 5-1rb= 2,

el %y

Eulers beromda polyederformel (1752)

Lat K vara en konvex polyeder. Da géller:

X(K) =2

Leonhard Euler
1707-1783
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Eulers beromda polyederformel (1752)

Lat K vara en konvex polyeder. Da galler:
X(K) =2

Bevisidé (1 av 17 publicerade!):

PAUAR CRAS "

(kanNTERA SUAR
(NTE  VARAUALA )
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Eulers beromda polyederformel (1752)
Lat K vara en konvex polyeder. Da géller:

X(K) =2

Bevisidé (1 av 17 publicerade!):

ROy Sl oV

! Ae 2D \\\,
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(KANDRWA SUAR
(VTS VARAMALA |
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Eulers beromda polyederformel (1752)

Lat K vara en konvex polyeder. Da géller:

X(K) =2

Bevisidé (1 av 17 publicerade!):
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Eulers beromda polyederformel (1752)

Lat K vara en konvex polyeder. Da géller:

X(K) =2

Bevisidé (1 av 17 publicerade!):

- S

(

KOLWMALTR A TUpA S ray | GRAEEV

(\/~l\~(€~t)+f

_ y~e € N VAR AV 4
- { AL S KOV TRA mm«/ .



Forelasning 18/12 (Il)

Eulers beromda polyederformel (1752)

Lat K vara en konvex polyeder. Da galler:

X(K) =2

Bevisidé (1 av 17 publicerade!):
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DAVID S. RICHESON

RS
A/ 7\
1/ ’Avfé xé \\‘7 *«}

GEOMETRY, TOPOLOGY
AND PHSCS

THE POLYHEDRON FORMULA
AND THE BIRTH OF TOPOLOGY

D. S. Richeson, Euler's Gem (2012) M NAKAHARA

M. Nakahara, Geometry, Topology and Physics (2003)
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