Inlamningsuppgifter kursvecka 3
Matematisk fysik FTF131, Ip 2 2020

Deadline: Fredagen 4 december

Strukturera Dina l6sningar noggrant. Uppstéllda samband skall motiveras. Alla vésentliga
steg i analys och berdkningar skall redovisas.

Du far gérna arbeta tillsammans med Din kurskamrater, men de losningar som Du l&mnar
in maste Du ta ansvar for sjidlv! Efter kursens slut kan Du komma att kallas till ett in-
dividuellt eftersamtal dar Du far redogora for hur Du lost négra av inlamningsuppgifterna.

1. Erwin Schrodinger, before settling for the nonrelativistic Schrodinger equation, and later
Oskar Klein! and Walter Gordon attempted to build relativistic quantum mechanics from the
squared energy relation E? = p? + m? by using the standard operator replacements for £ and
p. This led them to the Klein-Gordon equation
v? 2 _ 62

where ¢ is a quantum field, which, with an appropriate interpretation, describes spinless ele-
mentary particles of mass m. The Higgs boson, predicted by the standard model and discovered
experimentally at CERN in 2012, is an important example.

a) (4p) Show that the Green’s function can be expressed as
1 oo 2ksin(kr) [ exp(—iwt)
dk———= d .
(2m)3 /0 r /_oo e + k2 +m?2
b) (3p) Given a), determine the retarded and advanced Green’s functions of the Klein-Gordon

equation. (You don’t have to evaluate the spatial part of the integral representation of G(r,t)
in a).)

G(r,t) =

c) (4p) It is possible to define a very different Green’s function by pushing one pole of its
Fourier transform into the upper half plane, with the other one being pushed into the lower half
plane. The Fourier transformed Green’s function thus obtained is called a Feynman propaga-
tor? . It has one distinctive feature that sets it apart from the retarded and advanced Green’s
functions and which would make it completely inappropriate in the context of classical physics.
How come that we can still use it in quantum physics? Discuss!

LOskar Klein, 1894-1977, was a Swedish theoretical physicist. He worked several years as Niels Bohr’s assistant
in Copenhagen. 1930 he succeeded Ivar Fredholm (big guy in the theory of integral equations) as professor of
mathematical physics at Stockholm University. Klein made several important contributions to physics, including
the discovery of the Klein paradox (today realizable in graphene!), and for inventing the idea, part of Kaluza-
Klein theory, that there may be extra dimensions — curled up and hidden — an essential ingredient in string theory.

2Richard Feynman, 1918-1988, American theorist who made fundamental contributions to physics, incl. the
path integral formulation of quantum mechanics, QED (for which he got the Nobel prize in 1965), and the theory
of superfluids. Feynman was also the first to discuss the possibility to construct a quantum computer, a hot area of
research in physics today. His Caltech lectures from the 1960’s, The Feynman Lectures on Physics, are arguably
the best introduction to basic physics. Highly recommended!



2. Energin i en stjdrna produceras genom kérnreaktioner. Ekvationerna som beskriver hur dessa
processer dger rum arbetades fram under den tidigare delen av 1900-talet och vi ska har géra om
en av dessa ridkningar med hjilp av sadelspunktsmetoden. Viktiga fragor ar hur mycket energi
som produceras totalt, vilka reaktioner som ager rum och vilka &mnen som darigenom skapas,
nagot som Hans Bethe [1] tillsammans med manga andra funderade pa under 20- och 30-talet.
Har 1oser vi en del av den forsta av dessa fragestéllningar.

Antalet kollisioner i en stjarna per tidsenhet med kinetisk energi E i intervallet F till £+ dE
ges av 2]

N(E)dE = Ce "t EdE,

dér k &r Boltzmanns konstant, T" ar temperaturen och C' en konstant.
Sannolikheten att en kollision med kinetisk energi F resulterar i en kdrnreaktion ar [3]

dar M och « ar konstanter.
Hitta ett approximativt uttryck for det totala antalet kdnreaktioner per tidsenhet under
antagandet att

_ [kT\3
SE(2> < 1.
o

a) (1p) Skriv ned uttrycket for totala antalet reaktioner som en integral.

=

b) (1p) Hitta en omskrivning av integranden som tar den till formen f(z)e®9*), dér s =
c) (4p) Ge ett approximativt svar till totala antalet reaktioner under antagandet att § < 1.
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3. (4p) Léas Lord Kelvins essé (se lanken Lord Kelvin on Dido pa Canvas) om hur den feniciska
prinsessan Dido genom ett smart drag tillskansade sig mark och lade grunden till stadsstaten
Kartago... den forsta historiskt belagda anvandingen av variationskalkyl! Formulera Didos prob-
lem med modern matematik och ge en explicit 16sning. Motivera varje steg noggrant. (For att
fa ett litet enklare problem sa dr det OK att gora antagandet att kuststrackan &dr en rat linje.)

4. (4p) Los integralekvationen

y(r) =x + )\/01 xzy(z) dz.

For vilka viarden pa A dr Din 16sning OK? Diskutera ditt svar i ljuset av Fredholmalternativet.



