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Multichannel Kondo effect in an interacting electron system:
Exact results for the low-temperature thermodynamics
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We study the low-temperature thermodynamics of a §pimagnetic impurity coupled t;m=2 degenerate
bands of interacting electrons in one dimension. By exploiting boundary-conformal-field-theory techniques, we
derive exact results for thpossibleimpurity thermal and magnetic response. The leading behavior of the
impurity magnetic susceptibility is shown to be insensitive to the electron-electron interaction. In contrast,
there are two types of scaling behavior of the impurity specific heat consistent with the symmetries of the
problem: Either it remains the same as for the ordinary multichannel Kondo problem for noninteracting
electronsor it acquires a new leading term governed by a critical expongpt (g,,"— 1)/m, whereg,<1 is
a generalizedm channel Luttinger-liquid charge parameter measuring the strength of the repulsive electron-
electron interaction. We conjecture that the latter behavior is indeed realized when the impurity is exactly
screened i=2S). [S0163-182808)05002-4

I. INTRODUCTION We study the problem using boundary conformal field

theory (BCFT),? assuming that at low temperatures the

The violation of Fermi-liquid behavior in the normal state impurity-electron interaction renormalizes onto a scale-
of the highT. superconductors has turned the studyiop-  invariant boundary condition on the bulk theory. This ap-

Fermi-liquid phenomena into a major theme in condensedproa.Ch' suggested by Affler%lfsand Ludwig for the ordinary
matter physics. Additional motivation comes from a grow- multichannel Kondo problery, _has sugcessfully been em-

: . L . . ployed for a single channel of interacting electrons coupled
ing number of experimental reallze_mons qf Iow—fjlmensmnal,[0 a spin-1/2 impurity*15 In the present case, with an arbi-

electron structures—such as quasi-one-dimensi@iia)l or-

’ ’ e ) trary number of electron channets=2, a BCFT analysis
ganic conductor$,or point-contact tunneling in fractional ajiows for a complete classification of giossiblecritical

quantum Hall devicedwhere electron correlations are seen behaviors of the impurity-electron composite. Being exact,
to produce manifest non-Fermi-liquid behavior. this information should prove useful as a guide to, and a test
Two prominent model problems, serving as paradigms fobf the validity of, other, more direct approaches to the prob-
the study of non-Fermi-liquids, are thettinger liquid®and  |em (yet to be carried olit Specifically, we shall show that
the (overscreengdmultichannel Kondo effeét® “Luttinger conformal invariance together with the internal symmetries
liquid” is the code name for the universal low-energy behav-of the problem restrict the possible types of critical behavior
ior of interacting electrons in 1D, whereas the multichannelo only two: Either the theory is the same as for noninteract-
Kondo model describes a magnetic impurity coupled via dng electronsor the electron interaction generates a specific
spin exchange to several degenerate bands of noninteractibgundary operator that produces a new leading behavior of
electrons in 3D. Both problems have yielded to exact soluthe impurity thermal response. In both cases the leading im-
tions, exhibiting a wealth of properties not contained in thePurity magnetic response is insensitive to the electron-
standard Fermi-liquid picture of the metallic state. electron interaction, implying that the screening of the impu-
Here we consider a spifi-magnetic impurity coupled to rity is reall_zed in the same way as in th_e noninteracting
m=2 degenerate bands bfteracting electrons in 1D, thus Problem, with over-, exact, or underscreening depending on
extending the ordinary multichannel Kondo model to theth('_} numb_er of channels and the mag_mtude.of the impurity
case of interacting electrons. Specifically, we address thgPin- While our method cannot pinpoint which of the two
question about the influence of electron-electron interactioryc€Narios is actually realized, we conjecture, guided by
on the low-temperature thermal and magnetic response of tf§12l0gous results for the one-channel probtéri that elec-
impurity-electron(screening-cloudcomposite. This problem tron.mtera}cnons m.the bulgio induce an anomalous term in
is particularly interesting as it involves the interplay betweenth€ impurity specific heat in the case of exact screening (
two kinds of electron correlations; one induced by the spin—
exchange interaction with the impurity, the other coming
from the direct electron-electron interaction. Moreover, the
study of a magnetic impurity in the presence of interacting As microscopic bulk model we take a multiband Hubbard
electrons may shed new light on possible experimental reakhain with repulsive on-site interactidh>0,
izations of the multichannel Kondo effect, such as certain

Il. THE MODEL

Uranium-containing heavy-fermion materiafsor the cou- T

. . . H=—t§c-c -+H.c.+U§n»n-,
pling of conduction electrons to structural defects in metal — © n,i,,,( niotntlio ) N M
point contacts?! )
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where c,;, is the electron operator at site, with i,j moving currents with a second speci¢abeled by “2") of
=1,....mand u,0=T,] band and spin indices, respec- left-moving currents:jE,R(x)EjR,L(—x) for x>0 [with
tively, and nn,i(,zcgyi(,cn,i(, is the number operator. This ji (x)=j_r(X)], and analogously for spin and flavor cur-
model, and its variants, has been extensively studied in theents. This amounts to folding the system onto the poskive
literature, most recently in Ref. 18 where it was argued thahxis, with a boundary condition
enhanced superconducting fluctuations may result when the e o1
degeneracy of the on-site interband couplldgs properly jL(0)=jg7(0) (7)
lifted. At large wavelengths we can perform a continuumg; the origin, and then analytically continuing the currents
limit ¢, i,— va/2m¥,(na) (with a the lattice spacing  pack to the fullx axis. Here Eq(7) simulates the continuity
which, for smallu and away from half-filling, takes Eq1l)  at x=0 of the original bulk theory(with the analogous
onto boundary conditions in spin and flavor secjorfhe Sug-
1 d awara form ofHg, in Eq. (6) implies invariance under inde-
Hoi = 5 f dX(UF 1¢I,i0(x)i&l/&,m(x)i pendent U(1) SU(2),,, and SUM)}, transformationgwith
ot . d .
—YRi(X)i &WR,W(X)-

i=1,2 labeling the two specigsreflecting thechiral sym-
metry of the critical bulk theory.

We now insert a local spi atx=0, and couple it to the
electrons by an antiferromagnetiz ¥ 0) spin-exchange in-
teraction

200U OB, 00U () T .
HK:)\:[l/IL,iU(O) + l,bR'io—(o)] %O-O'/L[wl_,i,u(o)

+95l/fI,ia(X)l//R,i(r(X)l//TR,jM(X)lﬂL,jM(X)I]- 2 + Yri(0)]-S.. (8)
In the low-energy limit the impurity is expectktto renor-

Here g »(x) are the left/right moving components of the malize to a conformally invariant boundary condition on the
electron field ¥;,(x), expanded about the Fermi points pulk theory, changing Eq7) into a new nontrivial boundary
ket Wig(x)=e " PP io(x) + € g ,(X). Summation  condition onH%. By using BCFT to extract the set of
over repeated indices for band, spin, and chirali=R,L  poundary operatorspresent for this boundary condition,
is implied. The normal ordering is defined with respect to thefinite-temperature effects due to the impurity can be accessed
flled Dirac sea, andvg and g are given by vg  via standard finite-size scaling by treatifiguclidean time

=2at sin(@ak:) andg=Ual/m, respectively. as an inverse temperature.
For the purpose of implementing BCFT techniques in the
presence of a Kondo impurityet to be addeg we decouple IIl. IMPURITY CRITICAL BEHAVIOR
charge, spin, and bar(flavor) degrees of freedom in ER) ]
by a Sugawara constructidf,using the W1) (charge, The set of l:_)ound_ary operato(% and the porrespondlng
SU(2),, (level m, spin, and SU), (level 2, flavoy Kac- ~ boundary scaling dimensions; can be derived from the
Moody currents: finite-size spectrum oH}, through a conformal mapping
from the half-plane to a semi-infinite strip. The mapping is
Ji(x)=: z//;ryig(x)wr'i(,(x):, (3)  such that the boundary condition corresponding to the impu-

rity on the half-plane is mapped to both sides of the strip,
with the boundary operators in the plane in one-to-one cor-

Jr(X)=3¢:,io(x)§0m</fr,m(x)i. (4 respondence to the eigenstates on the strip. In particular, the
boundary dimensions are related to the energy spectrum
Poo=ut Tru . - 5 through the relatiorE=Eq+ wvAl/, with Eq the ground-
c )= 010 Tij¥r jo ®  sate energy, and the width of the strip?
where o are the Pauli matrices, arif', Ae{1,...m*—1}, A complete set of eigenstates &f}, are given by the

are generators of the defining representation ofr8)JUgith charge, spin, and flavoronformal towers each tower de-

normalization tTAT®=1/25"8. Diagonalizing the charge fined by aKac-Moody primary statend its descendants.

sector by a Bogoliubov transformatiod jr=cosh@)j r  The primaries are labeled by(l) quantum numberg' in the

—sinh(@)jg, with coth(29)=1+ve/[(2m—1)g], we obtain charge sector, SI2) quantum number§ in the spin sector,

the critical bulk Hamiltonian and SUM) quantum numbers (Dynkin labels)
(mi,...,my_,) in the flavor sector:

1 f [Uc y y Us . :
= | dX{ =] (X)j (X):+ (L (X)) (X): 0 -0 m-1
el L L L L . e e . 1 m .
2mdoam mt2 q=C5 5D, j=05,...5. 3 m=012
k=1
Vs . )
+ m+2:JL“(x>JLA<x>:], (6) ©

whereC', D' e Z, andmj e N, with i =1,2 labeling the two
where v ,=ve(1+2(2m—1)g/ve)Y? ve=vi=ve—g. We species as above. We can express the complete energy spec-
have here retained only exactly marginal terms in the intertrum, and consequently the complete set of possible bound-
action by removing twdmarginally irrelevant terms in the ary scaling dimensiond =A'+ A2 in terms of the quantum

spin and flavor sectorS. We have also replaced the right- numbers in Eq(9):
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m-1 Turning to condition(ii), we note that the Kondo interac-
(fm(k,k) tion (8) couplesL andR fields and thus breaks the chiral
gauge invariance in all three sectors. This implies that the
m-1 (k1) Kac-Moody symmetries get broken down to their diagonal
+ 2 m| m_’)+M (10) subgroups, i.e., 1)*xU(1)>~U(1) in the charge sector,
=1 m SU(2)L X SU(2)2—SU(2),, in the spin sector, and
. SU(m)%x SU(m)§HSU(m)4 in the flavor sector. Operators
wheref(k,1) = min(k,)[m-maxk,)] and Ve N. with nonzero values of;; and g, may thus appear in the
Each conformal boundary condition corresponds 88&  charge sector, provided that= —q, as required by conser-
lection rulewhich specifies that only certain cqmblnatlons of yation of total charge. Similarly, operators in spin and flavor
conformal towers are allowed. Since the trivial boundarygaciors with nonzero quantum numbgfsand m} are now

condition (7) simply defines_ the bulk theory in terms of a allowed, provided that they transform as singlets under the
boundary theory, the associated selection rule reproduces tl?ﬁagonal subgroups. Remarkabthere exists precisely one

. . . * 14 . .
bulk scaling dimensions offg.™" It is less obvious how 10 generic class of glependent operators which satisfy condi-

identify the correct selection rule for the nontrivial boundary i, (i) and (ii). It is given by
condition representing Eq8). Fortunately, we do not need
the full selection rule to extract the leading impurity critical
behavior. For this purpose it is sufficient to identify tkad-
ing irrelevant boundary operat8r(LIBO) that can appear in ) . 1
the scaling Hamiltonian, as this is the operator that drives th@ dimension Ap =1+(gy,"—1)/2m—1 as g—0. Here
dominant response of the impurity. As the possibled, (x) is a chiral charge boson of speciedi.e., ¢ (x)
correction-to-scaling-operators are boundary operators con= [dxj; (x)], while ¢° and o' are the singlet fieldgunder
strained by the symmetries of the Hamiltonian, this sets outhe diagonal subgroupén the decomposition of the product
strategy: We considall selection rules for combining con- of primary fields, {*=1/2)x(j2=1/2) and (1,0...,0)
formal towers in Eq.(9) (thus exhausting all conceivable x(0,0,...,1) inspin and flavor sectors, respectively. These
boundary fixed points for each selecting the corresponding carry  dimensions A s=3[2(m+2)] and A =(m?
LIBO, using Eq.(10). We then extract thpossibleimpurity —1)/[m(m+2)]. The parameteg,, is given by

critical behaviors by identifying those LIBO's théit) pro-

@)+ 1

i
M= T iz T amia) & Mk

O~ :ei(ﬁ/ngm)qsi:X:ei(ﬁ/zmgm)qsf:X@sx o (11

duce a noninteracting limit g0 consistent with known re- g\~ ue
sults, and(ii) respect the symmetries ofjHHy . On=|1+2(2m— 1)v_) =U—$1 (12
F c
A. Overscreening: m>2S and plays the role of a generalizg¢dhannel-dependent

. . Luttinger-liquid charge parameter.
I__et us first focus on the casre_>2$. Here the r_“’_”'”t_er' The next-leading generic irrelevant boundary operator sat-
acting @=0) problem renormalizes to a nontrivial fixed .

point, as can be seen by passing to a basis of definite—paritl)slfymg (i) and(ii) is independent og, and given by

(P==) fields ¢ i,(x)=(IV2)[ YL i() £ Prioc(—X)].7
In this basisH}[g= 0]+ Hk becomes identical to the Hamil-

tonian representing 3D noninteracting electronsim¢han- ... 3, ¢ the first Kac-Moody descendant of the spin-1

nels(P==, i=1,...m), coupled to a local spin in thm : : i . : , .
positive parity channels only. At low temperatures this Sys_prlmary field ¢', obtained by contraction with the Fourier

i : ) X
tem flows to the overscreenad-channel Kondo fixed point mode J_, of the SU(2), purrents. It carries dlmen5|_on
with a LIBO of dimensionA = (4+m)/(2+ m).?? Consider Ap,=(m+4)/(m+2), and is the same operator that drives
first the case that this fixed point is stable against perturbahe leading impurity response in the noninteracting problem.
tions in g (or connected to a line of>0 boundary fixed For certain special values ofn additional g-dependent
points via an exactly marginal operatoifo search for a boundary operators satisfyirig and(ii) appear, but as these
novel leading scaling behavior fog#0 it is then sufficient ~are nongeneric and, for givem, of higher dimensions than
to search for boundary operators with dimensions in the inAo,, We do not consider them hefé.

terval 1=A<(4+m)/(2+m), which produce an impurity Piecing together the results, it follows that eith®y in
response analytically connected to that of the noninteractingq. (11) or O, in Eq. (13) play the role of a LIBO at the
theory. An operator with & A <3/2 contributes an impurity >0 boundary fixed point. We may thus define a scaling
specific heat scaling asA(1)%T?2728 and condition(i) ~ Hamiltonian

then requires that, a3—0, A| go— (4+m)/(2+m) or that

A go—1 [with in this case next—Iea_ding dimensia?n—>(_4 Hscaling= HE 4 1101(0) + 1,05(0) + u3O5(0) . . .,
+m)/(2+m)]. On the other hand, if thg=0 fixed point (14)
gets destabilized ag is switched on, conditiorii) enforces

the LIBO at the newg>0 boundary fixed point to become with x; conjugate scaling fields, ar@;-., less relevant op-
marginally relevant fog=0 (so as to produce the necessaryerators. In the case thél; in Eq. (11) doesnot appear u,
flow back to the knowrg=0 overscreeneth-channel fixed =0. Using Eq.(14), the thermal response may now be cal-
point).2% Thus, for this case conditiofi) unambiguously re- culated perturbatively in the scaling fields, using standard
quires thatA | go— 1 asg—0. technique$. We thus obtain for the impurity specific heat:

Oy~ - PP X 12+11X J2 |- ¢, (13
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Co —¢ (1_9—1)2T<g,;1—1)/m problem with impurity spin 1/2: the electron screening cloud
mp 1 m behaves as a local Fermi liquid withza2 phase shift of the

Tk L single-electron wave functions. Analogous to the single-
coT In<? +ee m=2, 5=3 T channel problem? there are three degenerate LIBO’s for
—0. this case, given by the energy-momentum tengofrslimen-
cTHM 2t m>2, m>2S sion A=2) in charge, spin, and flavor sectors. Whem
(15) = 2S these produce thieadingterm in the impurity specific
heat,Ci,p=b,T+ ..., aswell as in the susceptibilityyiy,
Herec,, c,, andc, are amplitudes of second order in the =b,—b3T?+ ..., with by, ;>0 amplitudes linear in the
scaling fields with corresponding indiceBy plays the role scaling fields, and with higher powers in temperature coming
of a Kondo temperature, and “...” denotes subleading termsfrom higher-order descendants of the identity operator.

Note that the amplitude of the leading term in Ef5) al- Whenm<2S the impurity spin is only partially screened as
ways vanishes wheng=0, thus making the second there are not enough conduction-electron channels to yield a
g-independent term dominant. singlet ground state. This leaves an asymptotically decoupled
The result in Eq.(15) is exact and independent of the spinS—m/2>0, adding a Curie-like contribution ;,, and
precise nature of the boundary fixed point. In the case thag,,, in addition to logarithmic corrections characteristic of
11=0, and hence,=0, theg>0 fixed point is thesameas  asymptotic freedom.
for the ordinary(noninteracting overscreened problem, al- Let us study the casm=2S and explore what happens
though the content of subleading irrelevant operatdfs,  when turning on the electron interaction. Implementing con-
may differ. In the alternative case, wigh, 70 (c,#0), the  dition (i) from the previous section, possible LIBO’s appear-
situation is more intricate, with, in principle, three possibili- ing for g>0 must have dimensiond with the property
ties: (a) the g=0 (ordinary overscreened Kongandg+ 0 A—1 orA—2 asg—0. Using conditiorii), we find that in
fixed points are the same, but with different contents of ir-addition to O, in Eq. (11) there are several new allowed
relevant operatorsb) the g=0 andg>0 fixed points are classes ofy-dependent generic boundary operators, all with
continuously connected via a critical line by an exactly mar-A—2 asg—0. As any boundary operator with dimension
ginal boundary operator with a scaling field parametrized byA >3/2 produces the sanieadingscaling in temperature as
g, or (c) theg=0 andg>0 fixed points are distinct and the a A=2 operator(although of different amplitudes* the
flow between them is governed by a marginally relevantonly possibleleading term with an interaction-dependent ex-
operato™® We postpone a discussion of the various possiponent is again generated If9,, as in the overscreened
bilities to the next section. case. Thus, sinc@; does not contribute to the impurity sus-
Turning to the impurity magnetic susceptibilify,,, its  ceptibility, its leading behavior remains the same as in the
leading scaling behavior is produced by the lowest-noninteracting problem, exhibiting exact screening with a
dimension boundary operator which containsnantrivial ~ constant zero-temperature contribution,
singlet SU(2),, factor that couples to the total spin
density!* Since0; in Eq. (11) only contains the identity in  y;,=b,+---—bgT?+---, m=2S, g¢g=0, T—0,
the SU(2),, sector the desired operator is identifiedsin a7
Eq. (13). Thus, theleadingterm in the magnetic susceptibil- ) o )
ity ximp due to the impurity is independent of the electron-Where --- denotes possible second-order contributions in
electron interaction, and remains themeas for the nonin- Scaling fields. The amplitude; is the same as in the nonin-

teracting overscreenad-channel Kondo problerh® teracting problem, whileb; may pick up second-order
interaction-dependent terms contributed by subleading op-

Te erators. The leadingossibleinteraction-dependent correc-
c, In(? +oee m=2, S=1/2 tion scales as
Ximp™— T—0,
rT-mi(m+2) 4 . _ -1
CZT + m> 2, m>2S (16) Xﬁgg’v(gml_ 1)Tl+(gm 1)/m (18)
and is produced at second order by the composite boundary

wherec, andc, are second order in scaling fields and erator
denotes subleading terms. We find that there are no subleagp

ing interaction-dependent divergent contributions possible,
as these would give rise to new divergences also in the non-
interacting limit. (19

o= 1 L= 2 :
O3~ :e|(\s‘w/2mgm)¢|_: X :el(w/2mgm)¢|_: thfeig_ ¢SX (Pf-

_ . HereJ929=J! + 32 is the generator of the diagonal SU§R)
B. Exact screening and underscreeningm=2S subgroup in the spin sectog® is a diagonal spin-1 field in
An analysis analogous to the one above can be carried otfte product of primaries j{=1/2)x (j?=1/2), and the
for m=2S as well. Again passing to a definite-parity basis charge and flavor factors are the same asiprabove. The
and exploring known resulfspne verifies that thaoninter- ~ operator O3 has scaling dimensionAz=1+A;=2
acting 1D electron ground state carries a s@inm/2 corre-  + (g;l— 1)/2m and, as seen in Eq18), gives a vanishing
sponding to a strong-coupling fixed point. Wher=2S the  amplitude atg=0, thus ensuring the correct behavior in the
impurity is completely screened and the situation is essemoninteracting limit. Whethe; appears in the spectrum or
tially the same as for the ordinary single-channel Kondonot, however, must be checked by an independent method.
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Two possible scenarios again emerge for the scaling of duyg

the impurity specific heatEither it remains the same as in

the noninteracting exactly screened problemin the case

that O, appears as a LIBO:

dTTO=—(0I1+OIz)(?\1+?\z)M1. (22

with 75 a short-time cutoffg, andq, the charge quantum
numbers ofO,, and A, and \, the scaling fields of the
exactly marginal charge currents andj? [allowed due to
m=2S, g=0, T—0, (20 breal'<ing' of particle-hole symmetry in the microscopic
Hamiltonian(1) (Ref. 26]. Conservation of total chargg,
where the amplitude;, is independent of,, andb; may  +q,=0 thus givesdu,/din7,=0 to second order in the
differ by second-order additive terms coming from scaling fields. If this property does persist to higher orders
interaction-dependent subleading corrections. Notably, byas suggested by the cancellation of the one-loop contribu-
putting m=1 in Eq. (20) we recover the critical exponent tion due to a symmetjytheg+0 andg=0 boundary fixed
conjectured by Furusaki and Nagatis@r the impurity spe-  points are eithefa) the samebut with different contents of
cific heat in the(exactly screengdsingle-channel problem. jrrelevant operatojsor (b) connected via a line of fixed
The leadingpossibleinteraction-dependent correction(0) points by the exactly marginal charge currerptsand jf

Cimp=C1(1— gy )T ~Dimy b T

is also produced by; and scales as (with scaling fields\; and , parametrized byg). As we are
o -1 24(g=1—1)m unable to determine the actual scenario, the question about
Cimp~ (g = 1) T 8m , (21)  the relation of theg>0 fixed point to that of the noninter-

with a vanishing amplitude in the noninteracting limit. acting problem remains open. _
Form<2S, the influence of the electron-electron interac- A Sécond open issue is whether the electron-electron in-
tions on the impurity-electron composite corresponding tgeraction influences the impurity-electréscreening cloud
the screened part of the impurity spin is the same as for the0mPosite differently when the impurity is overscreened
exact screening, with the same scenarios for the critical bd™>2S) as compared to under or exact screening (
havior. However, the weak coupling between the uncompen=2>)- In the overscreened case with free electrons the im-
sated(asymptotically freg part of the impurity spin and the purity !nduces a _crltlcal behavior where the size of the
conduction electrons produce corrections at fifiitRef. 9  Screening cloud diverges as one approaches zero tempera-

that may get modified by the electron-electron interactiontUre: AS & consequencal) conduction electrons become cor-

We have not attempted to include these effects here. related due to the presence of th(_e impurity. By turning on a
weak (screenefl Coulomb interaction among the electrons

[in 1D simulated by the local e-e interaction in E8)] these
correlations may change. Will the change be such as to pro-
To conclude, we have presented an analysis of the posiuce a novel impurity critical behavior? While our analysis

sible low-temperature thermodynamics of the multichannetloes not provide an answer, it predicts its exact form if it
Kondo problem for an interacting electron system in 1D.does appear. In the case of exact screening there is strong
While the leading term in the impurity susceptibility remains evidence that the impurity scaling behavior is indeed gov-
the same as for noninteracting electrdfes any number of erned by interaction-dependent exponents. In this case the
channelam and impurity spinS), there are two possible be- screening cloud has a finite extent. Turning on the Coulomb
haviors for the impurity specific heat consistent with theinteraction, electrons “outside” of the cloud will become
symmetries of the problenEither it remains the same as in correlated, most likely influencing the rate with which they
the noninteracting problemr it acquires a new leading term, tunnel into and out of the cloud, hence influencing its prop-
scaling with a non-Fermi-liquid exponent,,=(g,'  erties. As this impurity-electron composite is described by a
—1)/m, with g,,<1 in Eq. (12) measuring the strength of Fermi-liquid fixed point(where the electrons simply acquire
the repulsive electron-electron interaction. These results ar@ Phase shift in exact analogy with the single-channel
exact, given the existence of a stable boundary fixed point<ondo problem, we expect that the effect of turning on elec-
an assumption common to all applications of BCFT to atron interactions will indeed be similar to the single-channel
quantum impurity problem? As we discussed in Sec. Il A, case. Considering the recent Monte Carlo data by Egger and
this fixed point(for givenm andS) is disconnected from that Komnik"" supporting the single-channel Furusaki-Nagaosa
of the noninteracting problem only if the LIB@); in Eq.  Scaling;® this strongly favors the appearance of the
(11) turns marginally relevant ag is set to zero. Does this interaction-dependent exponents in E@s3), (20), and(21)
happen? A conclusive answer would require a constructiowhenm=2S.
of the corresponding exact renormalization-groURG)

equations. This is a nontrivial task, and we have only carried

out a perturbative analysis to second order in the scaling

fields. Turning Eq.(14) into a Lagrangian, and integrating ~ We thank I. Affleck, N. Andrei, R. Egger, P. Fdh, and

out the short-time degrees of freedom using the operatoA.W.W. Ludwig for valuable comments and suggestions.
product expansioff, one obtains the one-loop RG equation H.J. acknowledges support from the Swedish Natural Sci-
for the scaling fieldu, conjugate toO; : ence Research Council.
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irrelevance (in renormalization-group senseof the
excluded  piece Heo=9C U i o¥Rioti i, + 1/2m:
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