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Fermi-Pasta-Ulam model

One-dimensional chain of masses connected with non-linear springs.

springs
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Fermi-Pasta-Ulam problem

After the second world war
Fermi et al. became interested
in using the newly developed
computing machines to test
physical ideas, to perform
"computer experiments” or
"computer simulations”.

They wanted to check the
prediction of statistical
mechanics on the
thermalization of solids,
which relies on the ergodic
hypothesis.

130 DC1SPAASLY DC1s1AABGW DCISAEFR3C FEP1CIBI12 A
_, EF136LEO08 FABFOCBEFB LAZ€BAAZPA BA2SEDCIST . -
o LA197AD298 DC296DC297 [FISCLTNOE FARFOCROTS -
TA22BAA20A BA29SDC1ST TAI19TAA2BA BB27CCDIAL .
~142. AA2BABA2 68 CH12ARFTRR EDORRLFES! EEPIABA2EC -
DC2BCCALIC PDRO00DCOE DO21ADEOIA £OB13E0813
AALATDCIAE AAIAIFAIAC BA1SIDCIAT BBIAGCCIAD ) . .
EABBBCAIAS AA15ACG002 S20000000F 00000268 : -
15> 2021068218 £200100091 BD22920229 ecccccceed |- Pk @3- 01
GCOPROCED] POBRICOSDE PIOCORDBA0 EOBOPPOEDE .
200000000 BODOSRVROR AAISODCISS EFEIEDCsS S Cowinl Ko Aetivnat
ALSSFALSD AABOBDCISS CCIESEFFO® DLIo8CALEl [ 1, = o' nup _ 308
160 EF202DC1 56 ‘ALL S6DC157 ‘AA1S7BB153 CC1EDAALSY i }"'“Vf' < <
DESBIDLIAT DEGO2BAIAT PCISTAALSS FEPSADC1SS :
SAA__BBISACCIE TA1SBAALSI BAI35DC1SS BBIS2CDI6C
CA15BT20r2-DC1 S7AAL59 BA158DCI 56 TRTTICRRUR
T 170 LFTTFDC33A DCIISETROA ILSICTRPER EFLTSEDRL : :
: FB12ICADS3 AAISADC3I3S AA28CDCISA BB33SCDLTS [+ 30 PRV AP
—2>"CA125TT£86 EE2ICFROER EFIFIDCISA DCI3ISEDESS _ -
EF1TFEEGIC FRIZTEFPPE DC2OECAEYS AAS3ADCIIS VN pya
. h C AAZBCDCIYA BE3ISCD1#2° CAL25ETIAE LEGESFADFR< (.
EFIBSLERIC FB16CEFI2S YLPICFRI2Y CARSS000EP Clo T 170
: TEF2IE0R8 namnrz TEo1CIBIeC trnenczso _
.J Isc IA2PDOTTOS Vo

. - .
] eyl -:.,.. - P

P R A A

e

[

?.l',‘ lﬂlllfﬂl‘l uumuu 0093290052 l'ﬁﬂﬁ”ﬂ” : R
PROROOO220 £22R00200E £LEC200000 000000000 S
eeOEO2OR00 BOOINOOOES POEINDOCSY SOODLCOPPD - 2
293 A3EIDB30eR &I7D2C50R00 AFCO02C00E SACG200PERP - 5 - I'- \\ (:—, . + 2
CRE0220009 S00DEOII02 £I2200022¢8 PLB1GDOQ 10 bain
OPODBEPROE BODOSIR00E BOOPEO0REE TFOREDCLNT a.) Dottt
T EFOCeDC1vE AALYTTB281 AAISEBAEED DC1SRAALST L) IALIC FESFE *
123 BB265CD285 BA2TIDCI9T CB2B8AA267 DCIFFAAREGY 3 T FEJFCE . .l
1. DC26TAASFF DC269AA2T! DCIFFAARSL DCITIAAJFY QA WK} )
! ;. DC2BLAALSE EFFORCA27Y S200020800 £8142801A2 E
2020TE000T SACDOORE0D BRIEIEIREC SPORPLOCOR (:0—1.14),( ,.,.2
293 PODDOCRRDO POCRESOE0R EOCOODDEOP OOPOR2000 @
2200002020 SOOODCO000 UBBGBGBBGB '“'7502'7-
e 3 ~'-‘.F..‘ ‘ .':' a7 ;"‘-: -"-_ Jula,'?_ .,.. :’ AL ',\ ." "' v IO " L.
e ”ﬂmﬂﬁn £263380033 'ﬂﬁﬂﬂﬂﬂﬁﬂﬂ lﬂﬂ.ﬂﬂﬂ"l -
: . SPR200R002 PDPODDOROAE €665646666 AA2EXDLI12
FAIISFBI2A AAGPODC3I1I EFORODC3IN EFFFEDCYLS
IBJIADEP®L. AAYISEIPOA DCILIEFOSC TEEPIDBI1E,

o

~/

IOGIDC314 AA315CCI23 DFEOICBI1B AAZLIICCIZY >
~ (G PBIIADCOCE AAS12§B338 CD327BASIL CBI1TBfTES |, (SEAL 219)
(A JcA3300800 AAS1aCRI2N POPARISOOD: DEDABEORAD . -
=7 gpoi000000 POTROOSINE £002D6002D PoszERRR2L | Tamesl, m.yd:
335 LTP0RTAIIL CTPOPBBI2L CDIIIBASZY cassums (st o

L9 - L) -
Rl !'.. ; t..:‘b " nﬁ‘_‘-’ Y S -“

Printout of Fermi’'s program. It is written in

machine language.
from H. L. Anderson, J. Stat. Phys. 43, 731 (1986)
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Ergodic hypothesis

Time average = Ensemble average

Consider a closed system

Classical mechanics

The system follows a
deterministic time-evolution
where the energy is conserved.
The time-evolution is reversible
with no direction in time.

Statistical mechanics

The system will move to a state
of thermal equilibrium, where
the entropy is maximized. The
time-evolution is irreversible
with a clear direction of time.
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Equipartition theorem

In classical statistical mechanics the mean value of each

independent quadratic term in the energy is equal to #.

Mean value

(A) = Jdzy...dpy A(x1,...,pN) exp[—E(x1,...,dpN)/kpT]
[dzy...dpy exp[-E(z1,...,dpN)/kpT]

Consider

E(CL‘l,.. 7pN) — a’m?,'Q —I_E,(ml?‘ .- :mi—lami-l-l?"'apN)
which implies that
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Equipartition theorem
In classical statistical mechanics the mean value of each

independent quadratic term in the energy is equal to kpT

2
Harmonic oscillator in 1 dim
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Harmonic system

Hamiltonian

H= Zp@ +z S (i1 — 1)

2m
1 =1 1=0

Modal representation - normal modes

Z\/_u@sm( ik )

Qr = N1

N+1

v N-|—1Z Jm (J\;Tl)

and

Pe=y N—I— 1. Z Vimoisin (NZTI)

ik
Z sin )
N—|—1k=1 m \N+1

fork=1,....,.Nand:=1,...,N.

Hamiltonian
1 & 2.2
> |PE+wi Q7

k=1

H =
with

K . kT
wp = 24/—Sin —————
m 2(N+1)

i.e. independent harmonic oscillators.

Assuming equipartition

1 kpT
<—P2> =B vk

ok 2
1 5 2> kpT

= 57 vk
<2“J’“Q’g >

and

1
(B = (5P +w7QD) ) = kT Vi
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Fermi-Pasta-Ulam model

H = Z Py + Z [g(%-u —u)?+ %(“Hl —u;)*

a=2~0

Linear system.

can be described by normal modes

Nno energy exchange between the modes

Nno equipartition of the energy among
the normal modes

a#*=0
Non-linear system

can approximately be described by nor-
mal modes (weak non-linearity)

energy exchange between the modes

equipartition of the energy among the
normal modes 7
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Harmonic system — numerical result
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No equipartition of the energy
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Anharmonic system — numerical result
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Equipartition of the energy ?
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Anharmonic system — numerical result

Time average of the mode energy Ek(t)
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Equipartition of the energy !
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Anharmonic system — numerical result

Time average of the mode energy E (1)
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No equipartition of the energy !
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Fermi-Pasta-Ulam model

One-dimensional chain of masses connected with non-linear springs.

a-model

N p2 N K 5 o 3
i=§ 1: o + ?;=§ 0: 2(“@4—1 u;)< + 3 (u@—l—l ;)

Report written by Fermi, Pasta, and Ulam
Work done by Fermi, Pasta, Ulam, and Tsingou
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