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”Rotating wave approximation” 
neglecting rapidly oscillating terms in the interaction picture of 

OK if  

Jaynes-Cummings model

easily solvable 
workhorse model in quantum optics! 
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Recent results on the model (selected)

M.-J. Hwang, P. Puebla, and M. B. Plenio, Phys. Rev. Lett. 115, 180404 (2015)

• scaling and universality in the anisotropic quantum Rabi model
M. Liu, S. Chesi, Z.-J. Ying, X. Chen, H.-G. Luo, and H.-Q. Lin, Phys. Rev. Lett. 119, 220601 (2017)

• polaron picture in the two-qubit quantum Rabi model
X.-M. Sun, L. Cong, H.-P. Eckle, Z.-J. Ying, and H.-G. Luo, Phys. Rev. A 101, 063832 (2020)

• nonperturbative effects in the two-photon quantum Rabi model
L. Duan, Y.-F. Xie, D. Braak, and Q.-H. Chen, J. Phys. A: Math. Gen. 49, 464002 (2016)

• …

• …

• and many more …

• superradiant transition at a critical Rabi coupling      when             



Quantum Rabi-Stark model

Stark coupling

A. L. Grimsmo and S. Parkins, Phys. Rev. A 87, 033814 (2013)



Quantum Rabi-Stark model
A. L. Grimsmo and S. Parkins, Phys. Rev. A 87, 033814 (2013)

physical motivation:                                                                  
tunable platform for cavity QED                   
in ultrastrong coupling regime

laser frequencies

cavity mode frequency



Quantum Rabi-Stark model

physical motivation:                                                                  
tunable platform for cavity QED                   
in ultrastrong coupling regime

effective model                                                                   
from integrating out the virtual levels  

A. L. Grimsmo and S. Parkins, Phys. Rev. A 87, 033814 (2013)



Quantum Rabi-Stark model

physical motivation:                                                                  
tunable platform for cavity QED                   
in ultrastrong coupling regime

effective model                                                                   
from integrating out the virtual levels  

independently tunable via laser 

frequencies and intensities  

A. L. Grimsmo and S. Parkins, Phys. Rev. A 87, 033814 (2013)
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N. B. Solution obtainable only for              . What happens when                ?                                    
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analyze
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The limit 

Confluence Equation 
codes for the confluence of the two regular singular points at infinity                  

derivation: eliminate           , take                 and keep the most divergent terms                                                              
assume: powers of    multiplying            and its derivatives are bounded w.r.t. the diverging parameters                                             

irregular singular point



The limit 

asymptotic solution:                                            
S. Y. Slavyanov and W. Lay, Special Fuctions: A Unified Theory Based on Singularities (OUP, 2000)

plug into     and determine                                             

check the Bargmann norm!                                             



finite Bargmann norm                                             logarithmically diverging  
Bargmann norm                                            
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supports t
he result in

A. J. M
aciejewski et al., P

hys. Lett. A
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9, 1503 (2015)

continuous spectrum 
(scattering states) 
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Additional solutions?

Bargmann equations

take
with



eliminate

with 

generalized eigenfunctions with 

spectral continuum of           on the whole real axis above
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from C. W. Chu et al., Nat. Rev. Mater. 1, 16048 (2016)
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Bound states in the continuum (BICs)

symmetry protection
J. M. Zhang, D. Braak, and M. Kollar, Phys. Rev. Lett. 109, 116405 (2012)

separable Hamiltonians

one-parameter fine tuning: Rabi-Stark model at

theory proposals

specially tailored potential

M. Robnik, J. Phys. A: Math. Gen. 19, 3845 (1986)

multi-parameter fine tuning
S. Fan, W. Suh, and J. D. Joannopoulos, J. Opt. Soc. Am. A 20, 569 (2003)

J. von Neumann and E. P. Wigner, Phys. Z. 30, 465 (1929)
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In the neighborhood of                 
preBICS: precursors of ”true” BICs

recall: avoided level crossings (away from             )



preBIC

discrete level from   
confluence analysis

Exact diagonalization 
with 200 Fock states, 
even parity



upper boundary of the ”small” continuum 
(from confluence analysis)
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Exact diagonalization

with 10000 Fock states,

even parity 

quasicontinuum

1st preBIC

upper boundary of the ”small” continuum 
(from confluence analysis)

single discrete spectral line for 

lower boundary of the continuum
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drop the kinetic term



”Slow-mode” approximation

Eliminate             and solve for     to obtain a pair of effective potentials

Emergence of the continuum at            





asymptotically flat effective potential

continuum of scattering states



Summary/outlook
Analyses of the limit                , numerics, and  
a ”slow-mode” approximation strongly suggest  
that the Rabi-Stark model supports a continuous 
spectrum with BICs.

Can the theory be regularized/renormalized to allow     
a full study of the spectrum at the point of instability? 

How to interpret a continuous Rabi-Stark spectrum? 

Proof of concept only, or physically relevant BICs? 
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