Quantum mechanics

"MATHEMATICAL FOUNDATION”
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perators and their matrix representations
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Hermitian Unitary
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real eigenvalues preserve inner products

\The eigenvalue problem

Every hermitian operator can be diagonalized
by a unitary change of basis

A B]=0 A, B, “compatible” =) common set of eigenkets
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Infinite dimensions, n—» ©°

Consider a basis {ln] of eigenkets to the position operator X

X\X> = X\x%> , definedon0<x<L

Each point x gets a basis vector (xXy!
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A particularly important operator:

L = D the differential operator

DIy = |2
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ket corresponding to the function ;;f in the x-basis
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Hermitian if all functionson 0 <x <L vanishatx=0andx=L
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EIGENVALUE PROBLEM FOR K
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A nice feature:
The Fourier transform is a ’built-in” property of Hilbert spaces
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What’s so special with K ?

K and X are conjugate operators ! j

In the eigenbasis of X, with f(x) = (x| f>:

X oy — x )
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In the eigenbasis of K, with f(k) =<k| fy:
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\ P =HhK “momentum operator”
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The momentum operator is a generator of translations
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The ”’postulates” of mon-relativistic)
quantum mechanics

lassi h
L.

The state of a particle at any given
time is specified by the two variables
x(t) and p(t), i.e. as a point in a two-
dimensional phase space.

II.

Every dynamical variable wW isa
function of x and p: W = w (x,p),

I11.

If the particle is in a state given by

x and p, the measurement of the
variable w will yield a value w (¥,p),
The state will remain unaffected.

IV.

CLASSICAL TIME EVOLUTION

Quantum mechanics
L.

The state of the particle is
represented by a vector \A¢ ()"
in a Hilbert space.

II.

The independent variables x
and p of classical mechanics
are represented by Hermitian
operators X and P with the
following matrix elements in
the eigenbasis of X:

x[X1x'> mxdt-x")
(x| PIxD = 3 (x-x"

The operators corresponding to
dependent variables w(x,)
are Hermitian operators

DX P) = wlx=>X,p> P)
II1.

If the particle is in a state |V )

a measurement of the variable

(corresponding to) {1 '

will yield one of the eigenvalues
w , with probability

Pwyw [( WA The state

of the system will change from

W to \wW) as a result of the

measurement.
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IV.

QUANTUM TIME EVOLUTION
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Possible oucomes of an experiment measuring W ?

Claggically

Parrticle in a state (x,p) —> w (< P)

Quantum
Particle in a state  \A/ (&)

i four-step program (<~ postulates |- 1Il)

step 1: construct (L = w(x=> X, p—=1>)

step 2: find the eigenkets |w;) and eigenvalues w; of )
R
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step 3: expand |A? in this basis :
\~S - '): lwis<w; AV S
step 4: the probability P(w) of measuring w;
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Some implications.....

1. Quantum mechanics is a probabilistic theory

...but what about g = 2 .oo131493048... ?

2. The only possible values of {\. are its eigenvalues
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Collapse of the state vector

applies to ideal measurements (measurements which leave the eigenstates
of N invariant; cf. classical physics where an
ideal measurement leaves any state invariant)

NS = 20 tw,Sew; |~y

in quanivm mechanics, a measurement is telling
us what a particle is doing right after the measurement
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To test quantum mechanics:

repeat the experiment many times with the particle in \w‘- N

FILTRATION (selective measurement) _Q~ = k\us SCuwoe 1
3

QUANTUM ENSEMBLE OF IDENTICALLY

PREPARED STATES (pure ensemble)

1t 1s not a classical statistical ensemble!

example: throwing a dice...



Caveats :

_— N
//]. The prescription (1 =w (x= X, ;) is sometimes ambiguous

__noexP ?
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&fswer: Symmetrize: oW % (PX+X P) , or (in more complicated ¢

ases)
let experiments decide! J

—

[2. ) is degenerate

w‘:wi =W

P(w\ (-)

w4y, \w, 1> basis in the degenerate subspace
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ﬁ. What if (Y. has no classical counterpart?

Ex. spin, color, flavor, fractional statistics, ”compositeness”, ...

\ NEW PHYSICS !




4. Spectrum of (. continuous

|Ayy - J (wyd<w| S dw
”\\’(w)

wave function in « -space
29
cf. w=x—9 The wave function”

= probability amplitude for finding the particle
with the value ws
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’P(w] = ‘( w Ay S\ probability density at

rPLw) dw = probability of obtaining a result between w and w+ dw
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\wo More TMINGS ...
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CLASS\CAL MeCHANCS
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