Symmetries in quantum mechanics

What is a symmetry?
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A symmetry (or symmetry transformation) of an object is a
transformation which maps the object into itself. If an object
admits a certain symmetry it is said to be invariant under the
transformation.

The set of all symmetry transformations of an object
represents a group: the symmetry group of the object.



Sypmmmetries of the laws of Nature

A symmetry transformation of a physical law is a change of
the variables and/or the space-time coordinates (in terms of
which it is formulated) such that the equations describing the
law have the same form in terms of the new variables and
coordinates as they had in terms of the old one: the equations
are said to be covariant w.r.t. the symmetry transformation.

Ex. the wave equation
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Space-time vs. internal symmetries '
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Space-time symimnetries

translation intime : £ = ¢+ + a,
= S =D

translations in space : v > v * <

. ) = N
rotations in space : » —> IRv
e
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Induced transformations

in Hilbert space
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Galilei transformations * « = = =vt  (uow-vetativistic)

Lorentz boosts = previovs peqe (retativigHie )
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Lorentz group L = Lorentz boosts

+ rotations in space

\ | + parity+ time reversal
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Internal symmetr

Global phase symmetries
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Gauge symmetries (local phase symmetries)

oY

, el v &)
HA = W5 St IWVARANT OnaeR N —=> e A' ’\P

/

local phare
TOVIBED ppe  PROVERLVY
INTROBUCES A C{AOC;G QAT

A/“
VIS

N
MAxwew ThEoRy : A/, : (Cb A )
(" vy GAVEE Sy m«e'w, )



WHY ARS  SYHHETRIES LseEuvL Wy rPHys'\er .

amm—

Nbemeve‘s lHEQOREM

S

Covariance of the equations of motion with respect to a continuous
transformation with n parameters implies the existence of n conserved
quantities (‘conserved charges’ or ‘integrals of motion’), i.e. it imp =es

conservation laws.

Property

Invariance of equations

Conserved quantity

homogeneity of time

time translation invariance

energy

homogeneity of space

translational invariance

momentum

1sotropy of space

rotational invariance

angular momentum
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Paradigm of a broken symmetry: FERROMAGNET
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breaks SU(2) ----> low-lying excitations are Goldstone boseowns

Another example (classical physics!) is TURBULENCE, where
different symmetries are broken spontaneously at different

scales




Yet another example of @ broken symmetry...

Electroweak theory (Glashow, Weinberg, Salam, 1960s)

U(1) x SU(2) gauge symmetry spontaneously broken

* o
W, Z acquire masses (“Anderson-Higgs mechanism”, like a photon

in @ superconductor!)
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TABLE OF BROKEN-SYMMETRY PHENOMENA

Common
Order Transition  *“*Goldstonc Collective Long-Range
Parameter Order-Parameter Type (Can Bosons®” Hydrody- Generalized  Forces
(constant Dimensionality Always Be  (or "*Higgs"* namic Rigidity Due to
Phenomenon High Phase  Low Phase of monon) T-0 T, First Order  Bosons) Fluctuations  Modcs Phenomenon General . Rigidity  Singularities
Ferroclec- Non-Polar  Polar 1 lord 2ndorist no (optical Ferroelectric Domain
tneny crystal crystal P nearly 2nd phonons) Soft Modes No hysteresis No walls (thin)
(Pyroelec- (no)
tricity)
Ferromag- - Paramagnet  Ferromagnet - 1,0ften lor3 2nd Spin waves, Permanent Domuin
" netism I M (yes) =3 (time one branch Spin waves  No ? magnetism:  Suhl-Nakamura walls (very
) reversal) wak“( + consr) hysteresis mobile,
’ =1
Anuferro- Antiterro- - 1,0ften Spin waves, 2
magnetism - Paramagnet  magnet M obee (nO) =3 lor3 2nd (or branches Spin waves subtle Suhl-Nakamura Domuin
first) wa ko + const (diffusion?)  No? effects in walle
(**Fermions™ ALF.
in metal case?) resonance
Supercon- Normal Super- v ) (o) 2 2 2nd diffusine Mostly super No: Penctranon Flun hines
ductivity < Metal conductor = Fe (Gauge: no no (plasmons) fluctuations not conductivity  depth (or normal
: 3rd order ol gap domains
terms) Type b
He ol Normal Super [} (no) 2 2 2nd phonons dilfusine 2nd super- Yes, vortey vortey hines
hquid tHud (Gauge: no (1 branch) Muctuations  sound. Nuidity lines
. 3rd order ol (y) espe- unscreened
terms) by
Nemanie Norm; Chte . .
hquid lnu:ull ! ;:('ll;::;ul d (o) 1 3 nd m"r"jh‘c . . iy LAnous pecis Yoy discina-
ol irectring : - :: =0 fres Ve overdamped  liar proper- o
principle) nes onen Ponne.
fation
complen elasteny
{!opolog) }
Cholesteric, Nemane Density 2(Q) (no) >3 >3 nd or - Yo Ye .
Smiectic wave Ist cs disclina-
liquid tons,
crysial pomnis and
{c“'"r‘h‘\ } dislocanions
topology
Crystal liquid solid DG( all (no) 32 ornent, 13 It yes: phonons 2nd rigidity Yes: disloca-
on recip. I phase) 3 kin S ) ) Sty
lattice at p!cau 2 l:j;nsvcrsc ::zz:’.d ﬂ'amw'\ pons, gram
> . effects boundaries.
I longitudinal ete. points
adangies,
mrerstitiis)
Hed r?ormal aniso(roplc d” (no) at least 18 2nd yes. several yes, probably super- Yes Vortey
liquid superiluid = (v )“l My 3 Kinds complex Nuidity lines, dis-
{complex topology} and orien- evranons.
tation pomt Jde-
clasticitics fects
CDW normat Incommensu- 2 2 N Fes ‘o g ; i
clectron rate Derie 8,0" . Ist :,,::,;‘,m Yes ‘,,c\.' NbSe, ’ discommen-
s Wine e angular ‘“dl”lf Auranons,
(2-chm ) commensurate \ll;\L‘rlillllg't‘ €W tislocanons



Symmetries can alsc be explicitly broken

examples:

atom in a magnetic field %

parity!
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