Theory of angular momentum
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Rotational invariant Hamiltonian H
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ANGULAR MOMENTUM COMMUTATION RELATIONS
("SU(2) algebra”)
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Rotational invariance in 3D
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Start with the eigenvalue problem of L.and L

In 2D we used a coordinate basis: |V > —> ;‘\’(f,<l>) = <P\ A D>

Now, in 3D, let’s try to work directly in the eigenbasis
(cf. Dirac’s approach to the HO)
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L. can have half-integral eigenvalues !
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cf. to the 2D analysis:

In the 3D analysis we relied only on the commutation relations

[L%,\-t] = tt"‘?: ) [chkt') = O

no projection onto a coordinate basis
k with only scalar wave functions
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The half-integral eigenvalues of L i reflect the possibility

of having multicomponent wave functions.

The components get shuffled around when doing a
rotation. The "shuffling around” is governed by a

spin operator. ptackboard!
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J =L + S « Spin ('intrinsic angular momentum”)
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Back to the eigenvalue problem of Lzand L!

Summary of what we’ve found:
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MATRIX REPRESENTATION IN THE J - J EIGENBASIS

J, andJ" diagonal.
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J andJ y block diagonal!
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The rotation matrices characterized by a
definite j form a unitary group: SU(2)

3 INVERSE, IDENTITY ELEMENT,
PRODUCT RULE (matrix algebra)



What about finite rotations?
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can be calculated
Sakurai, sec. 3.8
(not included in the course)

Within each invariant subspace V: |, H has the same
eigenvalue EJ., since {n,3,1 = O
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Now... let’s look at the

Angular momentum eigenfunctions in the coordinate basis

\\L Sakurai, 3.6
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Suppose there’s no r-dependence:
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But suppose there is an r-dependence!
Large degeneracy! How to "nail down” R(r) ?

Bring in H ! Works fine if H is rotationally invariant...
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